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❚❡♦r❡♠❛ ❞❡ ❑✉❤♥ ❚✉❝❦❡r ●❡♥❡r❛❧✐③❛❞♦
❙✉❜❣r❛❞✐❡♥t❡
✈✐
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❖♣t✐♠✐③❛t✐♦♥ ✐♥ ❇❛♥❛❝❤ ❙♣❛❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s
▼✐❧t♦♥ ❆♥❣❡❧✐♥♦ ❆②❝❤♦ ❋❧♦r❡s
❖❝t♦❜❡r✱ ✷✵✶✺
❆❞✈✐s❡r ✿ ▼❣✳ ❚♦♠ás ❆❧❜❡rt♦ ◆úñ❡③ ▲❛②
❖❜t❛✐♥❡❞ ❉❡❣r❡❡ ✿ ▼❛st❡r ✐♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s
■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
mı´n
x∈S
f(x)
✇❤❡r❡ S ✐s ❛ ❝♦♥✈❡① s✉❜s❡t ✐♥ ❛ ♥♦r♠❡❞ s♣❛❝❡ X ❛♥❞ f : X −→ R ✐s ❛ ❢✉♥❝t✐♦♥❛❧✳ ■t ✐s ❛❧s♦
♣r❡s❡♥t❡❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❑✉❤♥ ❚✉❝❦❡r t❤❡♦r❡♠ ✇❤✐❝❤ s♦❧✈❡s t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥
s❡t Sˆ = {x ∈ S/g(x) ∈ −C ∧ h(x) = 0Z}✱ ✇❤❡r❡ C ✐s ❛ ♦r❞❡r ❝♦♥❡ ❛♥❞ h, g ❛r❡ t✇♦ ❋ré❝❤❡t
❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥❛❧s✳
❑❡②✇♦r❞s✿
❇❛♥❛❝❤ ❙♣❛❝❡s
❈♦♥✈❡① ❋✉♥❝t✐♦♥s
❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠
●❡♥❡r❛❧✐③❡❞ ❑✉❤♥ ❚✉❝❦❡r ❚❤❡♦r❡♠
❙✉❜❣r❛❞✐❡♥t
✈✐✐
❮♥❞✐❝❡ ❣❡♥❡r❛❧
■♥tr♦❞✉❝❝✐ó♥ ✶
✶✳ Pr❡❧✐♠✐♥❛r❡s ✹
✶✳✶✳ ❊s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
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✶✳✸✳ ❈♦♥✈❡r❣❡♥❝✐❛s ❞é❜✐❧ ② ❞é❜✐❧ ✲ ⋆✳ ❊s♣❛❝✐♦s r❡✢❡①✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
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✹✳✸✳ ❈♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞ ♣❛r❛ ❢✉♥❝✐♦♥❛❧❡s ♣s❡✉❞♦❝♦♥✈❡①❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✹✳✹✳ ❊❧ t❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
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❇✐❜❧✐♦❣r❛✜❛ ✾✵
✐①
■♥tr♦❞✉❝❝✐ó♥
❊♥ ❧❛ t❡♦rí❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝❧ás✐❝❛✱ ❞❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ f : D ⊆ R −→ R✱ ❧❛
❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❡♥❝♦♥tr❛r ❡❧ ♣✉♥t♦ ó♣t✐♠♦ ❞❡ f ❡♥ D ❡s ❞❛r s♦❧✉❝✐ó♥ ❛ ❧❛ ❡❝✉❛❝✐ó♥
f ′(x) = 0
❞♦♥❞❡ f ′(x) ❡s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❤❛❜✐t✉❛❧✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥
r❡❛❧ ❞❡ ✈❛r✐❛s ✈❛r✐❛❜❧❡s r❡❛❧❡s✱ s❡ ❡♠♣❧❡❛♥ ❧♦s ♠ét♦❞♦s ❞❡❧ ❣r❛❞✐❡♥t❡ ② ❧❛ ♠❛tr✐③ ❍❡ss✐❛♥❛
♣❛r❛ r❡s♦❧✈❡r ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ s✐♥ r❡str✐❝❝✐♦♥❡s❀ ❛❞❡♠ás ❡❧ ✉s♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥
▲❛❣r❛♥❣✐❛♥❛ ② ❧♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥ r❡str✐❝❝✐♦♥❡s
❞❡ ✐❣✉❛❧❞❛❞✳
❊♥ ✶✾✺✶✱ ❧♦s ♠❛t❡♠át✐❝♦s ❍✳ ❲✳ ❑✉❤♥ ② ❆✳ ❲✳ ❚✉❝❦❡r ❡st✉❞✐❛♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥
s♦❜r❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ Rn✱ ❡st❛❜❧❡❝✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s
♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥
mı´n
x∈S
f(x)
❞♦♥❞❡ S = {x ∈ Rn/g(x) ≤ 0} s✐❡♥❞♦ f : Rn −→ R ② g : Rn −→ Rm ❞♦s ❢✉♥❝✐♦♥❡s s✉✲
✜❝✐❡♥t❡♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s✳ ❉❡s❞❡ ❡♥t♦♥❝❡s ❞✐❝❤❛ té❝♥✐❝❛ r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ♠ét♦❞♦ ❞❡
❑✉❤♥✲❚✉❝❦❡r✳
❆ ♣❛rt✐r ❞❡ ❡s❡ ♠♦♠❡♥t♦✱ ♠✉❝❤♦s ✐♥✈❡st✐❣❛❞♦r❡s ❤❛♥ ❡st✉❞✐❛❞♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ❞❡❧
♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥
mı´n
x∈X
f(x)
❞♦♥❞❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ ② f ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ r❡❛❧✳
▲❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❡st❛ ❡①t❡♥s✐ó♥✱ s❡ ❞❡❜❡ ❛ q✉❡ ❧❛ ♠❛②♦rí❛ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❧❛
✈✐❞❛ r❡❛❧✱ ❡♥ ❡s♣❡❝✐❛❧ ❧♦s ♠♦❞❡❧♦s ❞❡ ❛♣❧✐❝❛❝✐ó♥ ❤❛❝✐❛ ♦tr❛s r❛♠❛s ❞❡ ❧❛s ❝✐❡♥❝✐❛s ❡①❛❝t❛s ②
❛♣❧✐❝❛❞❛s✱ tr❛❜❛❥❛♥ ❡♥ ❡s♣❛❝✐♦s q✉❡ ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡❧ ❝♦♥❥✉♥t♦ R ♦ ❡♥ ❣❡♥❡r❛❧ ❝♦♠♦
❧♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡ ♦♣❡r❛❝✐♦♥❡s ❝♦♠♦ ❡s ❡❧ ❝❛s♦ ❞❡❧ ❡s♣❛❝✐♦ Rn✳
P✳ ❱❛r❛✐②❛ ❬✶✻❪✱ ❡♥ ✶✾✻✼ tr❛❜❛❥❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛❝✐ó♥
✶
ma´x
x∈S
f(x) ✭✶✮
❞♦♥❞❡ S = {x ∈ A/g(x) ∈ AY } ⊆ X✱ s✐❡♥❞♦ X✱ Y ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✱ A ✉♥ ❝♦♥❥✉♥t♦ ♥♦
✈❛❝í♦ ❡♥ X✱ AY ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ❞❡ Y ❀ g : X −→ Y ✉♥❛ ❢✉♥❝✐ó♥ ❋ré❝❤❡t
❞✐❢❡r❡♥❝✐❛❜❧❡ ② f : X −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❊♥ s✉ tr❛❜❛❥♦✱ ❡♥❝✉❡♥tr❛ ❝♦♥❞✐❝✐♦♥❡s
♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ❡❧ ♣✉♥t♦ s♦❧✉❝✐ó♥ ❞❡ ✭✶✮✳
❆ñ♦s ♠ás t❛r❞❡✱ ▼✳ ●✉✐❣♥❛r❞ ❬✺❪ ❡st✉❞✐❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ✭✶✮ s♦❜r❡ ✉♥ ❡s♣❛❝✐♦
❞❡ ❇❛♥❛❝❤✱ ♣❛r❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞♦s ✈❡❝❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣s❡✉❞♦❝♦♥✲
✈❡①✐❞❛❞ ② ♣s❡✉❞♦❝♦♥❝❛✈✐❞❛❞ s♦❜r❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❝❛❧✐✜❝❛❞❛s✱ ❧♦❣r❛♥❞♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡
❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡♥ ✉♥ ❡s♣❛❝✐♦ ❛❜str❛❝t♦✳
❊♥ ✶✾✼✵✱ ❧♦s tr❛❜❛❥♦s ❞❡ ❑✳ ❘✐tt❡r ❬✶✹❪✱ ❡st✉❞✐❛♥ ② ♣r❡s❡♥t❛♥ ❡❧ ❢✉♥❞❛♠❡♥t♦ t❡ór✐❝♦ q✉❡
♣❡r♠✐t❡ ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s ♣❛r❛ ❡❧ ❝❛s♦ ❞❡
❢✉♥❝✐♦♥❛❧❡s ❝♦♥ ✈❛❧♦r❡s ✈❡❝t♦r✐❛❧❡s✱ ❡s ❞❡❝✐r f : X −→ Y ❞♦♥❞❡ Y ♥♦ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❡❧
❝♦♥❥✉♥t♦ R✳ ❊♥ ❡st♦s tr❛❜❛❥♦s s❡ ❞❡♠✉❡str❛♥ r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞
② ❧❛s ❞❡ ❝❛❧✐✜❝❛❝✐ó♥✱ ❛❞❡♠ás ❤❛❝❡ ✉♥ ❡st✉❞✐♦ ♠✐♥✉❝✐♦s♦ ❞❡❧ ❆♥á❧✐s✐s ❈♦♥✈❡①♦ ❞❡s❞❡ ❡❧ ♣✉♥t♦
❞❡ ✈✐st❛ t♦♣♦❧ó❣✐❝♦ ♣❛r❛ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✳
❯♥♦ ❞❡ ❧♦s ♣r✐♠❡r♦s ✐♥✈❡st✐❣❛❞♦r❡s ❡♥ ❡st✉❞✐❛r ❡❧ t❡♦r❡♠❛ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❧♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s
❞❡ ▲❛❣r❛♥❣❡ ❢✉❡ ❘✳ ❲❤❡❛t❤❡r✇❛① ❬✶✽❪✱ q✉✐❡♥ ❡♥ ✶✾✼✹ ❡♥❢♦❝❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛❝✐ó♥
♥♦ ❧✐♥❡❛❧ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❝❛❧✐✜❝❛❞❛s ❞❡✜♥✐❞❛s s♦❜r❡ ❝♦♥♦s t❛♥❣❡♥✲
t❡s✱ ♦❜t❡♥✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥ r❡str✐♥❣✐❞♦s✱ ❝♦♥ ❧❛
❤✐♣ót❡s✐s ❞❡ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ❡♥ ❧❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✳
❊♥ ❧❛ ❞é❝❛❞❛ ❞❡ ❧♦s ✽✵✱ ♠✉❝❤♦s ✐♥✈❡st✐❣❛❞♦r❡s ❡st✉❞✐❛♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥ ❞❡
❢✉♥❝✐♦♥❛❧❡s r❡❛❧❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s s♦❜r❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ♣❛r❛ ❡❧ ❝❛s♦ ✐rr❡str✐❝t♦
② ❜❛❥♦ r❡str✐❝❝✐♦♥❡s s♦❜r❡ ❝♦♥♦s ❝♦♥✈❡①♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❏❛❤♥ ❬✼❪ ✭✶✾✽✻✮✱ ❝♦♥s✐❞❡r❛ ❧♦s ❝❛s♦s
❡♥ ❡❧ ❝✉❛❧ ❧❛ ❢✉♥❝✐♦♥❛❧ ♦❜❥❡t✐✈♦ ❡s ❝✉❛s✐❞✐❢❡r❡♥❝✐❛❜❧❡ ② ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡✱ ❛❞❡♠ás ❡st✉❞✐❛
❝♦♥ ♠❛②♦r ❞❡t❛❧❧❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡❧ ❢✉♥❝✐♦♥❛❧ ▲❛❣r❛♥❣✐❛♥♦ ❡♥ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥ r❡str✐❝❝✐♦♥❡s
❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✳
❊♥ ❧♦s ú❧t✐♠♦s ✈❡✐♥t❡ ❛ñ♦s✱ ❧♦s ❡st✉❞✐♦s s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦s ♥♦r✲
♠❛❞♦s✱ t✐❡♥❡♥ ✉♥ ❣r❛♥ ❛✉❣❡✱ ❣r❛❝✐❛s ❛ ❧♦s r❡s✉❧t❛❞♦s ❡ ✐♥✈❡st✐❣❛❝✐♦♥❡s ❞❡♥tr♦ ❞❡❧ ❝❛♠♣♦ ❞❡❧
❆♥á❧✐s✐s ❋✉♥❝✐♦♥❛❧ ❈♦♥✈❡①♦✱ ♣❡r♠✐t✐❡♥❞♦ ❛sí ❞❛r ♥✉❡✈❛s ❣❡♥❡r❛❧✐③❛❝✐♦♥❡s ❛ ♠✉❝❤♦s ❝♦♥❝❡♣t♦s
❞❡❧ ❛♥á❧✐s✐s ❝♦♥✈❡①♦ ❝❧ás✐❝♦ ❡♥ Rn✱ q✉❡ ❛ s✉ ✈❡③ ❝♦♥❝❧✉②❡r♦♥ ❡♥ r❡s✉❧t❛❞♦s q✉❡ r❡s✉❡❧✈❡♥ ❧♦s
♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❛❜str❛❝t❛ ② ❡♥ ♣❛rt✐❝✉❧❛r s♦❜r❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥
r❡str✐❝❝✐♦♥❡s✱ ❧♦❣r❛♥❞♦ ❡①t❡♥❞❡r ❡❧ t❡♦r❡♠❛ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡♥ ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s ❧♦❝❛❧♠❡♥t❡
❝♦♥✈❡①♦s✳ ▲♦s tr❛❜❛❥♦s ❞❡ ❑❛③♠✐ ❬✶✵❪ ② ❨✉✲▲✉✐ ❬✶✾❪ s♦♥ ❛❧❣✉♥❛s r❡❢❡r❡♥❝✐❛s ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥
❡♥ ❧❛ ❖♣t✐♠✐③❛❝✐ó♥ s♦❜r❡ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✳
P❛r❛ ❛❜♦r❞❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤X✱ s❡ ❡♠♣❧❡❛♥ ❝♦♥❝❡♣t♦s
❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞ ♠ás ❣❡♥❡r❛❧❡s q✉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞❡r✐✈❛❞❛ ❝❧ás✐❝❛✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥✱
r❡s✉❧t❛❞♦s ❡s♣❡❝í✜❝♦s ❞❡❧ ❆♥á❧✐s✐s ❈♦♥✈❡①♦ ② ❞❡❧ ❆♥á❧✐s✐s ❋✉♥❝✐♦♥❛❧ ❡♥ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✱
✷
♣❛r❛ ❧♦❣r❛r ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❛❜str❛❝t♦ X✳
❈♦♥ ❡st♦s r❡s✉❧t❛❞♦s✱ s❡ ♣✉❡❞❡♥ t❡♥❡r ❧❛s ❤❡rr❛♠✐❡♥t❛s ♠❛t❡♠át✐❝❛s q✉❡ ♣❡r♠✐t❡♥ r❡s♦❧✈❡r
❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❣❧♦❜❛❧ ② ❝♦♥ r❡str✐❝❝✐♦♥❡s ♣❧❛♥t❡❛❞♦s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s ②
❞❡ ❇❛♥❛❝❤ q✉❡ ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❧♦s ❡✉❝❧✐❞✐❛♥♦s (R ♦Rn)✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦✱ tr❛t❛r ❡❧
♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❞❡✜♥✐❞♦s s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ C1([a, b])✱ ❡❧
❝✉❛❧ ❡s ✉♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ❧❛ Pr♦❣r❛♠❛❝✐ó♥ ❉✐♥á♠✐❝❛✱ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❈á❧❝✉❧♦ ❱❛r✐❛❝✐♦♥❛❧ ♦
❈á❧❝✉❧♦ ❞❡ ❱❛r✐❛❝✐♦♥❡s✳
❊♥ ❡st❡ tr❛❜❛❥♦✱ s❡ ❡st✉❞✐❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥
mı´n
x∈S
f(x) ✭✷✮
❞♦♥❞❡ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ X ② f : X −→ R ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧
❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❆s✐♠✐s♠♦ s❡ ❞❡♠♦str❛r❛♥ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥
♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ✭✷✮ ♣❛r❛ ❡❧ ❝❛s♦ ❣❧♦❜❛❧ ✭❝✉❛♥❞♦ S = X✮✱ ❡❧ ❝❛s♦ r❡str✐♥❣✐❞♦ ② ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s
❝❛❧✐✜❝❛❞❛s ✭❝♦♥❥✉♥t♦ ❞❡ r❡str✐❝❝✐♦♥❡s✮✱ ❛❞❡♠ás ♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥❞✐❝✐♦♥❡s
♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ✭✷✮ ❝✉❛♥❞♦ f ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡
❞✐❢❡r❡♥❝✐❛❜❧❡✳
❚❛♠❜✐é♥✱ s❡ ❞❡♠✉❡str❛ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ❞❡♥tr♦
❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳ ❊st❡ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s ❣❡♥❡r❛❧✐③❛❞❛s✱ ✈✐❡♥❡
s✐❡♥❞♦ ✉t✐❧✐③❛❞♦ ❡♥ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ ❢ís✐❝❛✱ ♠❡❝á♥✐❝❛✱ ✐♥❣❡♥✐❡rí❛✱ ❡❝♦♥♦♠í❛✱ ❧♦❣ís✲
t✐❝❛✱ ❛❞♠✐♥✐str❛❝✐ó♥ ❞❡ ♦♣❡r❛❝✐♦♥❡s✱ ❡t❝✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ❡st❡ r❡s✉❧t❛❞♦
❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r✳
✸
❈❛♣ít✉❧♦ ✶
Pr❡❧✐♠✐♥❛r❡s
❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❞❡s❛rr♦❧❧❛r❡♠♦s ❧♦s ❝♦♥❝❡♣t♦s✱ t❡♦r❡♠❛s ② r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s q✉❡ s❡rá♥
✉t✐❧✐③❛❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ tr❛❜❛❥♦✳ ❈♦♠❡♥③❛r❡♠♦s ❝♦♥ ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
♥♦r♠❛❞♦✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❧✐♥❡❛❧❡s ❝♦♥t✐♥✉❛s✱ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt ② ❇❛♥❛❝❤✳
✶✳✶✳ ❊s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s
❉❡✜♥✐❝✐ó♥ ✶✳✶✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ② ‖ ‖ : X −→ R ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❉✐r❡♠♦s
q✉❡ ‖ ‖ ❡s ✉♥❛ ♥♦r♠❛ ❡♥ X s✐✿
✭✐✮ ‖x‖ ≥ 0 ♣❛r❛ t♦❞♦ x ∈ X ② ‖x‖ = 0 s✐ ② só❧♦ s✐ x = 0✳
✭✐✐✮ ‖αx‖ = |α| ‖x‖ ♣❛r❛ t♦❞♦ x ∈ X ② α ∈ R✳
✭✐✐✐✮ ‖x+ y‖ ≤ ‖x‖+ ‖y‖ ♣❛r❛ t♦❞♦ x, y ∈ X✳
❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❝♦♥ ✉♥❛ ♥♦r♠❛ ‖ ‖✱ ❡♥t♦♥❝❡s ❡❧ ♣❛r (X, ‖ ‖) s❡ ❞❡♥♦♠✐♥❛ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ ♥♦r♠❛❞♦✱ ❡❧ ❝✉❛❧ ❛❜r❡✈✐❛r❡♠♦s ❝♦♥ ❧❛s s✐❣❧❛s ❡✳✈✳♥✳
❉❡✜♥✐❝✐ó♥ ✶✳✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ x ∈ X ② r > 0✳ ❉❡✜♥✐♠♦s ❝♦♠♦ ❜♦❧❛ ❛❜✐❡rt❛ ✭❜♦❧❛
❝❡rr❛❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ❛ ❧♦s ❝♦♥❥✉♥t♦s✿
B(x, r) = {y ∈ X/ ‖y − x‖ < r}
B¯(x, r) = {y ∈ X/ ‖y − x‖ ≤ r}
❉❡✜♥✐❝✐ó♥ ✶✳✸✳ ❙❡❛ A ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ X✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ ❡❧ ♣✉♥t♦ a ∈ A ❡s ♣✉♥t♦ ✐♥t❡r✐♦r ❞❡ A✱ s✐ ❡①✐st❡ δ > 0 ✭q✉❡ ❞❡♣❡♥❞❡ ❞❡
a✮ t❛❧ q✉❡ B(a, δ) ⊂ A✳ ❆❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ♣✉♥t♦s ✐♥t❡r✐♦r❡s ❞❡ A s❡ ❞❡♥♦♠✐♥❛
✐♥t❡r✐♦r ❞❡ A ② s❡rá ❞❡♥♦t❛❞♦ ♣♦r
◦
A✳
✹
✭✐✐✮ ❉❡❝✐♠♦s q✉❡ ❡❧ ♣✉♥t♦ b ∈ X ❡s ♣✉♥t♦ ❛❞❤❡r❡♥t❡ ❞❡ A s✐ ❞❛❞♦ ǫ > 0 s❡ ❝✉♠♣❧❡ q✉❡
B(b, ǫ)∩A 6= Ø✳ ❆❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ♣✉♥t♦s ❛❞❤❡r❡♥t❡s ❞❡ A s❡ ❞❡♥♦♠✐♥❛ ❛❞❤❡r❡♥❝✐❛
♦ ❝❡rr❛❞✉r❛ ❞❡ A ② s❡ ❞❡♥♦t❛ ♣♦r A¯✳
✭✐✐✐✮ ❊❧ ❝♦♥❥✉♥t♦ ❢r♦♥t❡r❛ ❞❡ A s❡rá ❞❡♥♦t❛❞♦ ♣♦r ∂A ② ❡s ❞❡✜♥✐❞♦ ❝♦♠♦ ∂A = A¯ \
◦
A✳
❉❡✜♥✐❝✐ó♥ ✶✳✹✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ {xn}n∈N ✉♥❛ s✉❝❡s✐ó♥ ❡♥ X ② ✉♥ ♣✉♥t♦ x ∈ X✳
❉❡❝✐♠♦s q✉❡ ❧❛ s✉❝❡s✐ó♥ {xn} ❝♦♥✈❡r❣❡ ❢✉❡rt❡♠❡♥t❡ ♦ ❝♦♥✈❡r❣❡ ❡♥ ♥♦r♠❛ ‖ ‖ ❛ x s✐
❧✐♠
n→∞
‖xn − x‖ = 0
❊♥ t❛❧ ❝❛s♦✱ ❞❡♥♦t❛♠♦s ❞✐❝❤❛ ❝♦♥✈❡r❣❡♥❝✐❛ ♣♦r xn −→ x✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ s✉❝❡s✐ó♥ {xn}n∈N
❡s ❞❡ ❈❛✉❝❤② ❡♥ X s✐ ❧✐♠
n,m→∞
‖xn − xm‖ = 0✳
❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ ❝❛r❛❝t❡r✐③❛ ❧♦s ♣✉♥t♦s ✐♥t❡r✐♦r❡s ② ❛❞❤❡r❡♥t❡s ❡♥ tér♠✐♥♦s ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛
❞❡ s✉❝❡s✐♦♥❡s✳
▲❡♠❛ ✶✳✺✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② A ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ X✱ s❡ ❝✉♠♣❧❡♥✿
✭✐✮ a ∈ A ❡s ✉♥ ♣✉♥t♦ ✐♥t❡r✐♦r ❞❡ A s✐ ② só❧♦ s✐ ♣❛r❛ ❝❛❞❛ s✉❝❡s✐ó♥ {xn}n∈N ❝♦♥✈❡r❣❡♥t❡
❤❛❝✐❛ ❡❧ ♣✉♥t♦ a✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ xn ∈ A ♣❛r❛ t♦❞♦ n ≥ n0✳
✭✐✐✮ a ∈ X ❡s ♣✉♥t♦ ❛❞❤❡r❡♥t❡ ❞❡ A s✐ ② só❧♦ s✐ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ {xn}n∈N ⊆ A t❛❧ q✉❡
xn −→ a✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❏♦st ❬✾❪ ✭♣❛❣✳ ✽✻✱ ❚❡♦r❡♠❛ ✼✳✷✽ ✮✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② A ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ X✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ ❡❧ ❝♦♥❥✉♥t♦ A ❡s ❛❜✐❡rt♦ s✐ A =
◦
A✱ ❡s ❞❡❝✐r t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡ A s♦♥
♣✉♥t♦s ✐♥t❡r✐♦r❡s✳
✭✐✐✮ ❉❡❝✐♠♦s q✉❡ ❡❧ ❝♦♥❥✉♥t♦ A ❡s ❝❡rr❛❞♦ s✐ A = A¯✱ ❡s ❞❡❝✐r t♦❞♦s ❧♦s ♣✉♥t♦s ❞❡ A s♦♥
♣✉♥t♦s ❞❡ ❛❞❤❡r❡♥❝✐❛✳
❉❡✜♥✐❝✐ó♥ ✶✳✼✳ ❙❡❛ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✳ ❉❡❝✐♠♦s q✉❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s✐ t♦❞❛
s✉❝❡s✐ó♥ ❞❡ ❈❛✉❝❤② ❡♥ X ❛❞♠✐t❡ ✉♥ ♣✉♥t♦ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ x ❡♥ X✳ ❊s ❞❡❝✐r s✐ {xn}n∈N ⊆ X
❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❈❛✉❝❤②✱ ❡♥t♦♥❝❡s ❡①✐st❡ x ∈ X t❛❧ q✉❡ xn −→ x✳
❊❥❡♠♣❧♦s
 ❈♦♥s✐❞❡r❡♠♦s X = Rn ❞♦t❛❞♦ ❞❡ ❧❛s ♥♦r♠❛s✿
✺
‖x‖∞ = ♠á①1≤i≤n |xi|
‖x‖1 =
n∑
i=1
|xi|
‖x‖2 =
√√√√ n∑
i=1
x2i
♣❛r❛ ❝❛❞❛ x ∈ Rn✳ ❙❡ t✐❡♥❡ q✉❡ ❧♦s ❡s♣❛❝✐♦s (X, ‖ ‖∞)✱ (X, ‖ ‖1) ② (X, ‖ ‖2) s♦♥ ❡s♣❛❝✐♦s
❞❡ ❇❛♥❛❝❤✳
 ❙❡❛ X = C [a, b] = {f : [a, b] −→ R/f ❡s ❝♦♥t✐♥✉❛ ❡♥ [a, b]}✱ ❞♦t❛❞♦ ❝♦♥ ❧❛ ♥♦r♠❛
‖f‖C[a,b] = ♠á①
x∈[a,b]
|f(x)|
♣❛r❛ ❝❛❞❛ f ∈ C [a, b]✳ (X, ‖ ‖C[a,b]) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
 ❈♦♠♦ ✉♥❛ ❡①t❡♥s✐ó♥ ❞❡❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡♠♦sX = C1 [a, b] ❛❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
❞❡ ❧❛s ❢✉♥❝✐♦♥❡s r❡❛❧❡s ❝♦♥t✐♥✉❛s ❞❡✜♥✐❞❛s ❡♥ [a, b] t❛❧❡s q✉❡ f ′ ❡s ❝♦♥t✐♥✉❛ ❡♥ [a, b]✳ ❊st❡
❡s♣❛❝✐♦✱ ❡q✉✐♣❛❞♦ ❝♦♥ ❧❛ ♥♦r♠❛
‖f‖C1[a,b] = ♠á①
x∈[a,b]
{|f(x)|+ ∣∣f ′(x)∣∣}
❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❉❡✜♥✐❝✐ó♥ ✶✳✽✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧✳ ❈♦♥s✐❞❡r❡♠♦s (·, ·) : X × X −→ R ✉♥❛
❛♣❧✐❝❛❝✐ó♥✳ ❉❡❝✐♠♦s q✉❡ (·, ·) ❡s ✉♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ s♦❜r❡ X s✐ s❡ ❝✉♠♣❧❡♥✿
✭✐✮ (x, x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ X ② (x, x) = 0 s✐ ② só❧♦ s✐ x = 0✳
✭✐✐✮ (x, αy + βz) = α (x, y) + β (x, z) ♣❛r❛ t♦❞♦ x, y, z ∈ X ② α, β ∈ R✳
✭✐✐✐✮ (x, y) = (y, x) ♣❛r❛ t♦❞♦ x, y ∈ X✳
❯♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ X ❝♦♥ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ (·, ·) s❡ ❞❡♥♦♠✐♥❛ ❡s♣❛❝✐♦ ♣r❡✲❍✐❧❜❡rt✐❛♥♦ ② s❡rá
❞❡♥♦t❛❞♦ ♣♦r (X, ( , ))✱ ❞♦♥❞❡ ( , ) ❡s ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ❞❡✜♥✐❞♦ ❡♥ X✳
❉❡✜♥✐❝✐ó♥ ✶✳✾✳ ❙❡❛ (X, ( , )) ✉♥ ❡s♣❛❝✐♦ Pr❡✲❍✐❧❜❡rt✐❛♥♦✳ ❉❡✜♥✐♠♦s ❧❛ ♥♦r♠❛ ❛s♦❝✐❛❞❛ ❛❧
♣r♦❞✉❝t♦ ✐♥t❡r♥♦ ‖ ‖( , ) : X −→ R ♣♦r
‖x‖( , ) =
√
(x, x)
♣❛r❛ t♦❞♦ x ∈ X✳ ❈♦♥ ❡st♦ (X, ‖ ‖( , )) ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ♥♦r♠❛❞♦✳
✻
❉❡❝✐♠♦s q✉❡ (X, ‖ ‖( , )) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ s✐ ❡❧ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ (X, ‖ ‖( , )) ❡s ✉♥
❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❊❥❡♠♣❧♦s✳
 ❙❡❛ X = Rn ❞♦t❛❞♦ ❞❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ (x, y) =
n∑
i=1
xiyi ② ❧❛ ♥♦r♠❛ ✐♥❞✉❝✐❞❛ ♣♦r
❞✐❝❤♦ ♣r♦❞✉❝t♦✱ ‖x‖2 =
√√√√ n∑
i=1
x2i ✱ ❝♦♥st✐t✉②❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳
 ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ X =
{
(xn)n∈N ⊆ R/
∞∑
n=1
x2n <∞
}
✱ ❞❡♥♦t❛❞♦ ♣♦r
l2(R) ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ (x, y) =
∞∑
n=1
xnyn ② ❧❛ ♥♦r♠❛ ❛s♦❝✐❛❞❛ ❛ ❡st❡ ♣r♦❞✉❝t♦
✐♥t❡r♥♦ ‖x‖l2 =
√√√√ ∞∑
i=1
x2i ✱ r❡s✉❧t❛ s❡r ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳
 ❙❡❛ X = L2(a, b) ❞♦♥❞❡ L2(a, b) =
{
f : [a, b] −→ R/f ❡s ♠❡❞✐❜❧❡ ② ´ b
a
|f(x)|2 dx <∞
}
❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s ❝✉❛❞r❛❞♦ ✐♥t❡❣r❛❜❧❡s✳ ❊st❡ ❡s♣❛❝✐♦✱ ❞♦t❛❞♦
❞❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦ (f, g)L2(a,b) =
´ b
a
f(x)g(x)dx ② ❧❛ ♥♦r♠❛ ❛s♦❝✐❛❞❛ ❛ ❞✐❝❤♦ ♣r♦❞✉❝t♦
‖f‖L2(a,b) =
√´ b
a
|f(x)|2 dx✱ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳
✶✳✷✳ ❆♣❧✐❝❛❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❡♥ ❡s♣❛❝✐♦s ♥♦r✲
♠❛❞♦s✱ ❛❞❡♠ás ❞❛r❡♠♦s ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❡s♣❛❝✐♦ ❞✉❛❧ ❛❧❣❡❜r❛✐❝♦ ② t♦♣♦❧ó❣✐❝♦✱ ❡①♣♦♥✐❡♥❞♦
❛❧❣✉♥❛s ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s✳
❉❡✜♥✐❝✐ó♥ ✶✳✶✵✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s ② f : X −→ Y
✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ f ❡s ❧✐♥❡❛❧ s✐ f(αx+ βy) = αf(x) + βf(y) ♣❛r❛ t♦❞♦ x, y ∈ X ② α, β ∈ R✳
✭✐✐✮ ❉❡❝✐♠♦s q✉❡ f ❡s ❝♦♥t✐♥✉❛ ❡♥ a ∈ X✱ s✐ ❞❛❞♦ ǫ > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡ s✐ 0 <
‖x− a‖X < δ ❡♥t♦♥❝❡s ‖f(x)− f(a)‖Y < ǫ✳
✭✐✐✐✮ ❉❡❝✐♠♦s q✉❡ f ❡s ❝♦♥t✐♥✉❛ ❡♥ X s✐ ❡s ❝♦♥t✐♥✉❛ ❡♥ t♦❞♦ ♣✉♥t♦ a ∈ X✳
▲♦s s✐❣✉✐❡♥t❡s t❡♦r❡♠❛s ❝❛r❛❝t❡r✐③❛♥ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ f : X −→ Y ✳
❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s✱ f : X −→ Y
✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ② a ∈ X✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮ f ❡s ❝♦♥t✐♥✉❛ ❡♥ a✳
✼
✭✐✐✮ P❛r❛ t♦❞❛ s✉❝❡s✐ó♥ {xn}n∈N ⊆ X ❝♦♥✈❡r❣❡♥t❡ ❛ a✱ ❧❛ s✉❝❡s✐ó♥ {f(xn)}n∈N ⊆ Y ❝♦♥✈❡r❣❡
❛ f(a)✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ▲✉❡♥❜❡r❣❡r ❬✶✸❪ ✭♣❛❣✳ ✷✽✱ Pr♦♣♦s✐❝✐ó♥ ✶ ✮✳

❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s ② f : X −→ Y
✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮ f ❡s ❝♦♥t✐♥✉❛ ❡♥ 0✳
✭✐✐✮ ❊①✐st❡ k ≥ 0 t❛❧ q✉❡ ‖f(x)‖Y ≤ k ‖x‖X ✱ ♣❛r❛ t♦❞♦ x ∈ X✳
✭✐✐✐✮ f ❡s ❝♦♥t✐♥✉❛ ❡♥ X✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❑r❡✐s③✐❣ ❬✶✶❪ ✭♣❛❣✳ ✾✼✱ ❚❡♦r❡♠❛ ✷✳✼✳✾ ✮✳

❉❡♥♦t❛r❡♠♦s ♣♦r L(X,Y ) ❛❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ t♦❞❛s ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ② ❝♦♥t✐♥✉❛s
❞❡ X ❡♥ Y ✳ ❊♥ L(X,Y ) ❞❡✜♥✐♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ‖ ‖L(X,Y ) : L(X,Y ) −→ R ❞❛❞❛ ♣♦r
‖f‖L(X,Y ) = s✉♣
x 6=0
‖f(x)‖Y
‖x‖X
❡st❛ ❛♣❧✐❝❛❝✐ó♥✱ ❝♦♥st✐t✉②❡ ✉♥❛ ♥♦r♠❛ ❡♥ L(X,Y )✳ ❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♥♦s ❞❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥
♣❛r❛ q✉❡ ❡❧ ♣❛r (L(X,Y ) , ‖ ‖L(X,Y )) s❡❛ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❚❡♦r❡♠❛ ✶✳✶✸✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s✳ ❙✐ (Y, ‖ ‖Y ) ❡s
✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✱ ❡♥t♦♥❝❡s (L(X,Y ) , ‖ ‖L(X,Y )) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❊✐❞❡❧♠❛♥✱ ❱✐t❛❧✐s✱ ❚s♦❧♦♠✐t✐s ❬✹❪ ✭♣❛❣✳ ✺✺✱ ❚❡♦r❡♠❛ ✹✳✶✳✶ ✮✳

❈♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ❚❡♦r❡♠❛ ✶✳✶✸✱ s✐ Y = R✱ ❡❧ ❡s♣❛❝✐♦ L(X,R) s❡rá ✉♥ ❡s♣❛❝✐♦ ❞❡
❇❛♥❛❝❤✳ ❊st❡ ❡s♣❛❝✐♦ r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ❡s♣❛❝✐♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ② s❡rá ❞❡♥♦t❛❞♦ ♣♦r X⋆. ▲❛
♥♦r♠❛ ❞❡❧ ❡s♣❛❝✐♦ X⋆ ✈✐❡♥❡ ❞❛❞❛ ♣♦r
‖f‖X⋆ = s✉♣
x 6=0
|f(x)|
‖x‖X
❆❞❡♠ás✱ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ t♦❞❛s ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❧✐♥❡❛❧❡s f : X −→ R s❡rá ❧❧❛♠❛❞♦
❡s♣❛❝✐♦ ❞✉❛❧ ❛❧❣❡❜r❛✐❝♦✱ s✐♠❜♦❧✐③❛❞♦ ♣♦r X ′✳ ❖❜s❡r✈❡♠♦s q✉❡ X⋆ ⊆ X ′✳
❉❡✜♥✐❝✐ó♥ ✶✳✶✹✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ② f : X −→ Y ✉♥❛
❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✱ ❞❡✜♥✐♠♦s ❧♦s ❝♦♥❥✉♥t♦s✿
✭✐✮ Nu(f) = {x ∈ X/f(x) = 0Y } ❞❡♥♦♠✐♥❛❞♦ ♥ú❝❧❡♦ ❞❡ f ✱ ❞♦♥❞❡ 0Y ❡s ❡❧ ✈❡❝t♦r ♥✉❧♦ ❞❡❧
❡s♣❛❝✐♦ Y ✳
✽
✭✐✐✮ Im(f) = {f(x)/x ∈ X} ❡s ❧❧❛♠❛❞♦ ✐♠❛❣❡♥ ❞❡ f ✳
❉❡✜♥✐❝✐ó♥ ✶✳✶✺✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s ② f : X −→ Y
✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✿
✭✐✮ ❉❡❝✐♠♦s q✉❡ f ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ s✐ ② só❧♦ s✐ Nu(f) = {0X} ❞♦♥❞❡ 0X ❡s ❡❧
✈❡❝t♦r ♥✉❧♦ ❞❡❧ ❡s♣❛❝✐♦ X✳
✭✐✐✮ ❉❡❝✐♠♦s q✉❡ f ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ s♦❜r❡②❡❝t✐✈❛ s✐ ② só❧♦ s✐ Im(f) = Y ✳
✭✐✐✐✮ ❉❛❞♦ A ⊆ X✱ ❞❡♥♦♠✐♥❛♠♦s ❛❧ ❝♦♥❥✉♥t♦ f(A) = {f(x)/x ∈ A} ❝♦♠♦ ❧❛ ✐♠❛❣❡♥ ❞❡ A
✈í❛ f ✳
❉❡✜♥✐❝✐ó♥ ✶✳✶✻✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♥♦r♠❛❞♦s ② f ∈ L(X,Y )✳
❉❡❝✐♠♦s q✉❡ f ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛ s✐ ❞❛❞♦ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ U ⊆ X✱ s✉ ✐♠❛❣❡♥
f(U) ❡s ✉♥ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❡♥ Y ✳
❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛✳
❚❡♦r❡♠❛ ✶✳✶✼✳ ❙❡❛♥ (X, ‖ ‖X)✱ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ② T ∈ L(X,Y )
✉♥❛ ❛♣❧✐❝❛❝✐ó♥ s♦❜r❡②❡❝t✐✈❛✳ ❊♥t♦♥❝❡s T ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛✱ ❡s ❞❡❝✐r ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦
❛❜✐❡rt♦ U ⊆ X✱ f(U) ❡s ❛❜✐❡rt♦ ❡♥ Y ✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❊✐❞❡❧♠❛♥✱ ❱✐t❛❧✐s✱ ❚s♦❧♦♠✐t✐s ❬✹❪ ✭♣❛❣✳ ✶✸✶✱ ❚❡♦r❡♠❛ ✾✳✷✳✶ ✮✳

✶✳✸✳ ❈♦♥✈❡r❣❡♥❝✐❛s ❞é❜✐❧ ② ❞é❜✐❧ ✲ ⋆✳ ❊s♣❛❝✐♦s r❡✢❡①✐✈♦s
❙❡❛♥ (X, ‖ ‖X) ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ ② X⋆ s✉ ❡s♣❛❝✐♦ ❞✉❛❧✳
❉❡✜♥✐❝✐ó♥ ✶✳✶✽✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ s✉❝❡s✐ó♥ (xn)n∈N ⊆ X ❝♦♥✈❡r❣❡ ❞é❜✐❧♠❡♥t❡ ❛❧ ♣✉♥t♦
x ∈ X✱ ❞❡♥♦t❛❞♦ ♣♦r xn ⇀ x✱ s✐ ♣❛r❛ ❝❛❞❛ l ∈ X⋆ s❡ ❝✉♠♣❧❡
l´ım
n→∞
l(xn) = l(x)
❉❡✜♥✐❝✐ó♥ ✶✳✶✾✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ s✉❝❡s✐ó♥ (ln)n∈N ⊆ X⋆ ❝♦♥✈❡r❣❡ ❞é❜✐❧ ✲⋆ ✭❞é❜✐❧ ❡str❡❧❧❛✮ ❛❧
♣✉♥t♦ l ∈ X⋆✱ ❞❡♥♦t❛❞♦ ♣♦r ln ⋆⇀ l✱ s✐ ♣❛r❛ ❝❛❞❛ x ∈ X s❡ ❝✉♠♣❧❡
l´ım
n→∞
ln(x) = l(x)
❊❥❡♠♣❧♦s✳
 ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt X = l2(R) ② ❧❛ s✉❝❡s✐ó♥ (xn)n∈N ⊆ X ❞❡✜♥✐❞❛ ♣♦r
xn = (xn(i)) =

0, s✐ i 6= n1, s✐ i = n
✾
❆✜r♠❛♠♦s q✉❡ xn ⇀ 0X ✳ ❊♥ ❡❢❡❝t♦✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❘✐❡s③ ✭✈❡r ❏♦st
❬✾❪✱ ♣❛❣✳ ✷✼✹✱ ❚❡♦r❡♠❛ ✷✶✳✻✮✱ ♣❛r❛ ❝❛❞❛ l ∈ (l2(R))⋆ ❡①✐st❡ ✉♥ ú♥✐❝♦ y = (yn) ❡♥ l2(R)
t❛❧ q✉❡ l(x) = (y, x) ♣❛r❛ t♦❞♦ x ∈ l2(R)✳ ❆❞❡♠ás t❡♥❡♠♦s yn −→ 0 ❡♥ R✱ ❞❡❜✐❞♦ ❛ ❧❛
❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ s❡r✐❡
∞∑
n=1
y2n✳ ❆sí
l´ım
n→∞
l(xn) = l´ım
n→∞
(y, xn)
= l´ım
n→∞
yn
= 0
P♦r ❧♦ t❛♥t♦✱ ❞❡ ❡st❛ ✐❣✉❛❧❞❛❞ t❡♥❡♠♦s ❧❛ ❛✜r♠❛❝✐ó♥✳
 ❙❡❛ X = c0(R) ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s s✉❝❡s✐♦♥❡s ❞❡ ♥ú♠❡r♦s r❡❛❧❡s ❝♦♥✈❡r❣❡♥t❡s ❛ 0✱ ❞♦t❛❞♦
❝♦♥ ❧❛ ♥♦r♠❛ ‖(an)‖ = sup
n∈N
|an| ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❡♥ X✳ ❊st❡ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ ❡stá
❝♦♥t❡♥✐❞♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ l1(R) =
{
(an)n∈N/
∞∑
n=1
|an| <∞
}
✳ ❙❡ t✐❡♥❡ q✉❡ X∗ = l1(R)✳
❉❡✜♥❛♠♦s ❧❛ s✉❝❡s✐ó♥ (fn)n∈N ❡♥ X
⋆ ❞❛❞❛ ♣♦r
fn(i) =

0, s✐ i 6= n1, s✐ i = n
❱❡❛♠♦s q✉❡ fn
⋆
⇀ 0X⋆ ✳ ❊♥ ❡❢❡❝t♦✱ s❡❛ x = (an) ❡♥ c0(R)✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ (fn) s❡
t✐❡♥❡ (fn, x) = an ♣❛r❛ ❝❛❞❛ n ∈ N✳ ❈♦♠♦ an −→ 0✱ r❡s✉❧t❛ q✉❡ (fn, x) −→ 0 ❝✉❛♥❞♦
n→∞✳ P♦r t❛♥t♦ fn ⋆⇀ 0X⋆ ✳
❚❡♦r❡♠❛ ✶✳✷✵✳ ❙❡❛ (X, ‖ ‖X) ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✳ ❙❡ ❝✉♠♣❧❡♥✿
✭✐✮ ▲♦s ❧í♠✐t❡s ❞é❜✐❧ ② ❞é❜✐❧✲⋆ s♦♥ ú♥✐❝♦s✳
✭✐✐✮ ❙✐ (xn) ⊆ X ② xn −→ x ❡♥t♦♥❝❡s xn ⇀ x✳
✭✐✐✐✮ ❙✐ dim(X) ❡s ✜♥✐t❛✱ ❧❛s ❝♦♥✈❡r❣❡♥❝✐❛s ❢✉❡rt❡✱ ❞é❜✐❧ ② ❞é❜✐❧✲⋆ s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳
✭✐✈✮ ❙✐ xn ⇀ x ❡♥t♦♥❝❡s t♦❞❛ s✉❜s✉❝❡s✐ó♥ (xnk) ❞❡ (xn) ❝♦♥✈❡r❣❡ ❞é❜✐❧♠❡♥t❡ ❛ x✳
✭✈✮ ❙✐ (xn) ② (wn) s♦♥ ❞♦s s✉❝❡s✐♦♥❡s ❞é❜✐❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s ❛ x ② w r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❡♥t♦♥❝❡s αxn + βwn ⇀ αx+ βw ♣❛r❛ t♦❞♦ α, β ∈ R✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❑r❡②s③✐❣ ❬✶✶❪ ✭♣❛❣✳ ✷✺✽✱ ▲❡♠❛ ✹✳✽✳✸ ② ❚❡♦r❡♠❛ ✹✳✽✳✹ ✮✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✶✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② A ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ A ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s ✭❞é❜✐❧ ❝❡rr❛❞♦ ♣♦r
s✉❝❡s✐♦♥❡s✮✱ s✐ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ (xn) ⊆ A t❛❧ q✉❡ xn ⇀ x s❡ t✐❡♥❡ q✉❡ x ∈ A✳
✶✵
✭✐✐✮ ❉✐r❡♠♦s q✉❡ A ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞é❜✐❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ♣♦r s✉❝❡s✐♦♥❡s ✭❞é❜✐❧ ❝♦♠♣❛❝t♦ ♣♦r
s✉❝❡s✐♦♥❡s✮✱ s✐ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ (xn) ⊆ A✱ ❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (xnk) ❞❡ (xn) ②
x ∈ A t❛❧❡s q✉❡ xnk ⇀ x s✐ k →∞✳
❖❜s❡r✈❛❝✐ó♥✳ ❙✐ A ⊆ X ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦✱ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✷✶✱ ❡❧
▲❡♠❛ ✶✳✺ ② ❡❧ ❚❡♦r❡♠❛ ✶✳✷✵ t❡♥❡♠♦s q✉❡ A ❡s ❝❡rr❛❞♦✳ ❊❧ r❡❝í♣r♦❝♦ ♥♦ ❡s ❝✐❡rt♦✱ s✐♥ ❡♠❜❛r❣♦
❜❛❥♦ ❝✐❡rt❛s ❤✐♣ót❡s✐s✱ s❡ ❝✉♠♣❧❡ q✉❡ ✉♥ ❝❡rr❛❞♦ ✭❢✉❡rt❡✮✱ ❡s ❝❡rr❛❞♦ ❞é❜✐❧ ♣♦r s✉❝❡s✐♦♥❡s✳
❉❡✜♥✐❝✐ó♥ ✶✳✷✷✳ ❙❡❛ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳ ❉❡❝✐♠♦s q✉❡ X ❡s ✉♥ ❡s♣❛❝✐♦ r❡✢❡①✐✈♦
s✐ ❧❛ ❜♦❧❛ ✉♥✐t❛r✐❛ B¯(0, 1) = {x ∈ X/ ‖x‖ ≤ 1} ❡s ❞é❜✐❧♠❡♥t❡ ❝♦♠♣❛❝t❛ ♣♦r s✉❝❡s✐♦♥❡s✳
❊❥❡♠♣❧♦s✳
✭✐✮ ❊❧ ❡s♣❛❝✐♦ Rn ❝♦♥ ❧❛ ♥♦r♠❛ ✉s✉❛❧ ❡s ✉♥ ❡s♣❛❝✐♦ r❡✢❡①✐✈♦✳ ❊♥ ❣❡♥❡r❛❧ t♦❞♦ ❡s♣❛❝✐♦ ❞❡
❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ❡s r❡✢❡①✐✈♦✳
✭✐✐✮ ▲♦s ❡s♣❛❝✐♦s lp(R) =
{
(xn) ⊆ R/
∞∑
n=1
|xn|p <∞
}
❝♦♥ 1 < p <∞ s♦♥ r❡✢❡①✐✈♦s✳
✭✐✐✐✮ ❚♦❞♦ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❡s r❡✢❡①✐✈♦✳
✭✐✈✮ ❊❧ ❡s♣❛❝✐♦ C[a, b] ♥♦ ❡s r❡✢❡①✐✈♦✳
❊❧ s✐❣✉✐❡♥t❡ ❚❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❛ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦s✳
❚❡♦r❡♠❛ ✶✳✷✸✳ ✭❊❜❡r❧❡✐♥✲❙❤♠✉❧②❛♥✮ ❙❡❛ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥t♦♥❝❡s s♦♥
❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮ X ❡s r❡✢❡①✐✈♦✳
✭✐✐✮ P❛r❛ t♦❞❛ s✉❝❡s✐ó♥ ❛❝♦t❛❞❛ (xn)n∈N ❡♥ X ❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (xnk)k∈N ❞❡ (xn) ②
x ∈ X t❛❧❡s q✉❡ xnk ⇀ x✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❊✐❞❡❧♠❛♥✱ ❱✐t❛❧✐s✱ ❚s♦❧♦♠✐t✐s ❬✹❪ ✭♣❛❣✳ ✶✺✷✱ ❚❡♦r❡♠❛ ✾✳✽✳✶ ✮✳

✶✳✹✳ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s
❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② S ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ X✳
❉❡✜♥✐❝✐ó♥ ✶✳✷✹✳ ❉❡❝✐♠♦s q✉❡ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✱ s✐ λx + (1 − λ)y ∈ S✱ ♣❛r❛ t♦❞♦
x, y ∈ S ② λ ∈ [0, 1]✳
❊❥❡♠♣❧♦s✳
 ❊♥ X = R t♦❞♦ ✐♥t❡r✈❛❧♦ ❡s ❝♦♥✈❡①♦✳ ❆❞❡♠ás ♣♦r ❝♦♥✈❡♥❝✐ó♥✱ ❡❧ ❝♦♥❥✉♥t♦ ✈❛❝í♦ Ø ❡s
❝♦♥✈❡①♦✳
✶✶
 ❙❡❛ X = Rn✱ ❡❧ ❝♦♥❥✉♥t♦ S = {x = (x1, x2, · · · , xn) ∈ Rn/xi ≥ 0} ❧❧❛♠❛❞♦ ♣r✐♠❡r ♦r✲
t❛♥t❡ ❡♥ Rn ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
 ❊♥ X = C [0, 1]✱ ❡❧ ❝♦♥❥✉♥t♦ W = {f ∈ C [0, 1] /f(x) < 0} ❡s ❝♦♥✈❡①♦✳
 ❙✐ X⋆ ❡s ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧ ❞❡ X ② a ∈ X✱ ❡❧ ❝♦♥❥✉♥t♦ T = {f ∈ X⋆/f(a) > 0} ❡s ❝♦♥✈❡①♦
❡♥ X⋆✳
 ▲❛s ❜♦❧❛s ❛❜✐❡rt❛s ② ❝❡rr❛❞❛s ❡♥ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ s♦♥ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✳
▲♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s ❡st❛❜❧❡❝❡♥ ♣r♦♣✐❡❞❛❞❡s ❛❧❣❡❜r❛✐❝❛s ② t♦♣♦❧ó❣✐❝❛s ❞❡ ❧♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡✲
①♦s✳
▲❡♠❛ ✶✳✷✺✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② A,B s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❞❡ X✳ ❙❡ ❝✉♠♣❧❡♥✿
✭✐✮ A ∩ B ❡s ❝♦♥✈❡①♦✳ ❊♥ ❣❡♥❡r❛❧ s✐ {Ai}i∈I ❡s ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡♥ X
❡♥t♦♥❝❡s ∩
i∈I
Ai ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
✭✐✐✮ ❙✐ α, β s♦♥ ❡s❝❛❧❛r❡s ❡♥t♦♥❝❡s ❡❧ ❝♦♥❥✉♥t♦ αA + βB = {αx+ βy/x ∈ A ∧ y ∈ B} ❡s
❝♦♥✈❡①♦✳ ❊♥ ♣❛rt✐❝✉❧❛r −A = {−x/x ∈ A} ❡s ❝♦♥✈❡①♦✳
✭✐✐✐✮ ❙✐ T : X −→ Y ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✱ ❡♥t♦♥❝❡s T (A) ❡s ❝♦♥✈❡①♦✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❇❡r❦♦✈✐t③ ❬✷❪ ✭♣❛❣✳ ✸✼✱ ▲❡♠❛ ✷✳✶ ② ✷✳✷ ✮✳

▲❡♠❛ ✶✳✷✻✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② A ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❞❡ X✳ ❊♥t♦♥❝❡s✿
✭✐✮ A¯ ❡s ❝♦♥✈❡①♦✳
✭✐✐✮
◦
A ❡s ❝♦♥✈❡①♦✳
✭✐✐✐✮ ❙✐
◦
A 6= ∅ ❡♥t♦♥❝❡s
◦¯
A = A¯ ②
◦
A¯ =
◦
A.
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❇❡r❦♦✈✐t③ ❬✷❪ ✭♣❛❣✳ ✸✼✱ ▲❡♠❛ ✷✳✹ ② ✷✳✺✮✳

❯♥ ❝♦♥❝❡♣t♦ ♠ás ❣❡♥❡r❛❧ r❡s♣❡❝t♦ ❛ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ✉♥ ❝♦♥❥✉♥t♦✱ ✈✐❡♥❡ ❞❛❞❛ ♣♦r ❧❛ s✐❣✉✐❡♥t❡
❞❡✜♥✐❝✐ó♥✳
❉❡✜♥✐❝✐ó♥ ✶✳✷✼✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② x¯ ∈ S✳ ❉❡❝✐♠♦s q✉❡ S ❡s ❡str❡❧❧❛❞♦
r❡s♣❡❝t♦ ❛ x¯✱ s✐ λx+ (1− λ)x¯ ∈ S ♣❛r❛ t♦❞♦ x ∈ S ② 0 ≤ λ ≤ 1✳
❖❜s❡r✈❛❝✐♦♥❡s✳
✭✐✮ ❙✐ S ❡s ❝♦♥✈❡①♦ ❡♥t♦♥❝❡s S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ t♦❞♦s s✉s ♣✉♥t♦s✳
✭✐✐✮ ❊❧ r❡❝í♣r♦❝♦ t❛♠❜✐é♥ s❡ ❝✉♠♣❧❡✳ ❙✐ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ t♦❞♦s s✉s ♣✉♥t♦s ❡♥t♦♥❝❡s
S ❡s ❝♦♥✈❡①♦✳
✶✷
❉❡✜♥✐❝✐ó♥ ✶✳✷✽✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② C ⊆ X ♥♦ ✈❛❝í♦✳ ❉❡❝✐♠♦s q✉❡✿
✭✐✮ C ❡s ✉♥ ❝♦♥♦ s✐ ♣❛r❛ t♦❞♦ λ ≥ 0 ② x ∈ C ❡♥t♦♥❝❡s λx ∈ C✳
✭✐✐✮ C ❡s ✉♥ ❝♦♥♦ ♣✉♥t✉❛❧ s✐ x ∈ C ② −x ∈ C ✐♠♣❧✐❝❛ q✉❡ x = 0✳
✭✐✐✐✮ C ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦ s✐ ❡s ❝♦♥♦ ② ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
❊❥❡♠♣❧♦s✳
 C = {x = (x1, x2, · · · , xn) ∈ Rn/xi ≥ 0} ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦ ❡♥ Rn.
 ❙❡❛ X = C [0, 1] ② C = {f ∈ X/f(t) ≥ 0} ❡s ✉♥ ❝♦♥♦ ♣✉♥t✉❛❧✳
❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❝❛r❛❝t❡r✐③❛ ❛ ❧♦s ❝♦♥♦s ❝♦♥✈❡①♦s✳
❚❡♦r❡♠❛ ✶✳✷✾✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② C ⊆ X ✉♥ ❝♦♥♦✳ ❊♥t♦♥❝❡s C ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦ s✐ ② só❧♦
s✐ x+ y ∈ C ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ x, y ∈ C✳
❉❡♠♦str❛❝✐ó♥✳
❙✉♣♦♥❣❛♠♦s q✉❡ C ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦ ❡♥t♦♥❝❡s
1
2
(x + y) =
1
2
x +
1
2
y ∈ C✳ ▲✉❡❣♦ x + y =
2
(
1
2
(x+ y)
)
♣❡rt❡♥❡❝❡ ❛ C✳
❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t♦♠❡♠♦s λ ∈ [0, 1] ② x, y ∈ C✳ ❈♦♠♦ C ❡s ❝♦♥♦ λx ② (1− λ)y ♣❡rt❡♥❡❝❡♥ ❛
C✱ ② ♣♦r ❤✐♣ót❡s✐s λx+ (1− λ)y ∈ C✱ ❛sí C ❡s ❝♦♥✈❡①♦✳ P♦r ❧♦ t❛♥t♦ C ❡s ❝♦♥♦ ❝♦♥✈❡①♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✵✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② S ⊆ X ♥♦ ✈❛❝í♦✳ ❉❡✜♥✐♠♦s ❡❧ ❝♦♥♦ ❣❡♥❡r❛❞♦ ♣♦r S✱
❞❡♥♦t❛❞♦ ♣♦r ❝♦♥♦(S)✱ ❛❧ ❝♦♥❥✉♥t♦
❝♦♥♦(S) = {λx/λ ≥ 0 ∧ x ∈ S}
❈❧❛r❛♠❡♥t❡✱ ❝♦♥♦(S) ❡s ❝♦♥✈❡①♦✳ ❆❞❡♠ás s✐ S ❡s ✉♥ ❝♦♥♦ ❡♥t♦♥❝❡s ❝♦♥♦(S) = S✳
❊❥❡♠♣❧♦s✳
 ❙❡❛ S = B(0X , 1) ❧❛ ❜♦❧❛ ✉♥✐t❛r✐❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ (X, ‖ ‖)✱ ❡♥t♦♥❝❡s ❝♦♥♦(S) =
X✳
 ❙❡❛ S = {(x, f(x)/x ∈ R} ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ R2✱ ❞♦♥❞❡ f ❡st❛ ❞❡✜♥✐❞♦ ♣♦r
f(x) =


x s❡♥
(
1
x
)
, x 6= 0
0, x = 0
❚❡♥❡♠♦s q✉❡ ❝♦♥♦(S) =
{
(x, y) ∈ R2/ |y| ≤ |x|}✳
✶✸
✶✳✺✳ ❋✉♥❝✐♦♥❛❧❡s ❝♦♥✈❡①❛s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s
❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ♥♦r♠❛❞♦✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✶✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ f : X −→ Y ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ s✐ Y = R✳ ▲❛
❢✉♥❝✐♦♥❛❧ f s❡rá ❧❧❛♠❛❞❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧✱ s✐ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✳
❊❥❡♠♣❧♦s✳
 ❙❡❛♥ X = C [0, 1] ② ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s f : X −→ R ② g : X −→ R ❞❛❞❛s ♣♦r✿
f(x) =
ˆ 1
0
x(t)dt
g(x) = x2(0)
♣❛r❛ ❝❛❞❛ x ∈ X✳ ❚❡♥❡♠♦s q✉❡ f ② g s♦♥ ❢✉♥❝✐♦♥❛❧❡s ❧✐♥❡❛❧ ② ♥♦ ❧✐♥❡❛❧ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
 ❙❡❛ X = l1(R) ② f : X −→ R ❞❡✜♥✐❞❛ ♣♦r f(x) = ma´x
n∈N
|an| ❞♦♥❞❡ x = (an) ∈ X✱ ❡s ✉♥❛
❢✉♥❝✐♦♥❛❧ ✭♥♦ ❧✐♥❡❛❧✮✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✷✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❉✐r❡♠♦s q✉❡ f ❡s ✉♥❛
❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛❧ s✐✿
✭✐✮ f(x+ y) ≤ f(x) + f(y) ♣❛r❛ t♦❞♦ x, y ∈ X✳
✭✐✐✮ f(αx) = αf(x) ♣❛r❛ t♦❞♦ x ∈ X ② α ∈ R✳
❙✐ f s❛t✐s❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐ó♥ f(αx) = αf(x) ♣❛r❛ t♦❞♦ x ∈ X ② α ≥ 0✱ ❞✐r❡♠♦s q✉❡ f ❡s ✉♥❛
❢✉♥❝✐♦♥❛❧ ♣♦s✐t✐✈❛♠❡♥t❡ ❤♦♠♦❣é♥❡❛✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✸✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳
❉❡❝✐♠♦s q✉❡ f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ∈ S✱ s✐ ❡①✐st❡♥ k > 0 ② δ > 0 t❛❧❡s q✉❡
|f(x)− f(y)| ≤ k ‖x− y‖
♣❛r❛ t♦❞♦ x, y ∈ S ∩B(x¯, δ)✳
▲❛ ❢✉♥❝✐♦♥❛❧ f s❡ ❞❡♥♦♠✐♥❛rá ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ S s✐ ❡①✐st❡ K > 0 t❛❧ q✉❡ |f(x)− f(y)| ≤
K ‖x− y‖ ♣❛r❛ t♦❞♦ x, y ∈ S✳
❈❧❛r❛♠❡♥t❡✱ s✐ f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ S ❡♥t♦♥❝❡s f ❡s ❝♦♥t✐♥✉❛ ❡♥ S✳ ❆❞❡♠ás ❧❛ ❉❡✜♥✐❝✐ó♥
✶✳✶✵ ② ❡❧ ❚❡♦r❡♠❛ ✶✳✶✶ s♦♥ ✈á❧✐❞♦s ♣❛r❛ ❢✉♥❝✐♦♥❛❧❡s✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❡❧ ❝❛s♦ ❡♥ q✉❡ Y = R✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✹✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳
❉❡✜♥✐♠♦s✿
✶✹
✭✐✮ ❊❧ ❡♣í❣r❛❢❡ ❞❡ f ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❡♣✐(f) = {(x, α) ∈ S × R/f(x) ≤ α}✳
✭✐✐✮ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ s✉❜♥✐✈❡❧ Sα = {x ∈ S/f(x) ≤ α}✱ ❞♦♥❞❡ α ∈ R✳
P❛s❛r❡♠♦s ❛ ❞❡✜♥✐r ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✺✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❉❡❝✐♠♦s q✉❡ ❧❛ ❢✉♥❝✐♦♥❛❧ f ❡s ❝♦♥✈❡①❛ ❡♥ S s✐ ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ x, y ∈ S ②
λ ∈ [0, 1]✱ s❡ ❝✉♠♣❧❡ f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)✳
❉❡❝✐♠♦s q✉❡ f ❡s ❝ó♥❝❛✈❛ ❡♥ S s✐ −f ❡s ❝♦♥✈❡①❛ ❡♥ S✳
❖❜s❡r✈❡♠♦s q✉❡ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❝♦♥✈❡①✐❞❛❞✱ ❡s ✐♠♣♦rt❛♥t❡ ❡❧ ❤❡❝❤♦ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ S s❡❛
❝♦♥✈❡①♦✳
❊❥❡♠♣❧♦s✳
 ❙✐ X ❡s ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐♦♥❛❧ ♥♦r♠❛ ‖ ‖ : X −→ R ❡s ❝♦♥✈❡①❛✳
 ❙❡❛ X = C[0, 1] ② ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐♦♥❛❧ f : X −→ R ❞❡✜♥✐❞❛ ♣♦r f(x) =´ 1
0 (x(t))
2dt✱ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐ó♥ r❡❛❧ g(u) = u2✱ t❡♥❡♠♦s q✉❡ f ❡s ❝♦♥✲
✈❡①❛ ❡♥ X✳
❊❧ s✐❣✉✐❡♥t❡ ❚❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❧❛s ❢✉♥❝✐♦♥❛❧❡s ❝♦♥✈❡①❛s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✳
❚❡♦r❡♠❛ ✶✳✸✻✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❊♥t♦♥❝❡s f ❡s ❝♦♥✈❡①❛ s✐ ② só❧♦ s✐ ❡♣✐(f) ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
❉❡♠♦str❛❝✐ó♥✳
=⇒)
❙✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❝♦♥✈❡①❛ ② s❡❛♥ (x1, α1) ② (x2, α2) ❞♦s ♣✉♥t♦s ❛r❜✐tr❛r✐♦s ❡♥ ❡♣✐(f)✱
t❡♥❡♠♦s q✉❡ f(x1) ≤ α1 ② f(x2) ≤ α2✳ ❆sí ♣❛r❛ ❝❛❞❛ λ ∈ [0, 1]✱ s❡ t✐❡♥❡ q✉❡
λ(x1, α1) + (1− λ)(x2, α2) = (λx1 + (1− λ)x2, λα1 + (1− λ)α2) ✭✶✳✶✮
P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ S✱ ❡❧ ❝♦♥❥✉♥t♦ R ② ❧❛ ❢✉♥❝✐♦♥❛❧ f ✱ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ✭✶✳✶✮ t❡♥❡♠♦s q✉❡
λ(x1, α1) + (1− λ)(x2, α2) ∈ S × R ②
f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2)
≤ λα1 + (1− λ)α2
P♦r ❧♦ t❛♥t♦ λ(x1, α1) + (1− λ)(x2, α2) ∈ ❡♣✐(f)✳ ❆sí ❡♣✐(f) ❡s ❝♦♥✈❡①♦✳
✶✺
⇐=)
P♦r ❤✐♣ót❡s✐s✱ ❡♣✐(f) ❡s ❝♦♥✈❡①♦✳ ❙❡❛♥ x1, x2 ∈ S✱ t❡♥❡♠♦s q✉❡ ❧♦s ♣❛r❡s (x1, f(x1)) ② (x2, f(x2))
s♦♥ ❞♦s ♣✉♥t♦s ❡♥ ❡♣✐(f)✳ ❙❡❛ λ ∈ [0, 1]✱ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❡♣✐(f)✱ s❡ s✐❣✉❡ q✉❡
λ(x1, f(x1)) + (1− λ)(x2, f(x2)) = (λx1 + (1− λ)x2, λf(x1) + (1− λ)f(x2))
♣❡rt❡♥❡❝❡ ❛ ❡♣✐(f)✱ ♣♦r ❧♦ t❛♥t♦ f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2)✱ ❞❡♠♦str❛♥❞♦ ❞❡
❡st❛ ♠❛♥❡r❛✱ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ✳

▲❡♠❛ ✶✳✸✼✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧✳ ❙✐ f ❡s ❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s Sα ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
❉❡♠♦str❛❝✐ó♥✳
❙✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❝♦♥✈❡①❛ ② s❡❛♥ x, y ∈ Sα✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✹✱ t❡♥❡♠♦s f(x) ≤ α ②
f(y) ≤ α✳ ❈♦♠♦ S ❡s ❝♦♥✈❡①♦✱ t♦♠❛♥❞♦ λ ∈ [0, 1] ♦❜t❡♥❡♠♦s
f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)
≤ λα+ (1− λ)α
= α
❆sí✱ λx+ (1− λ)y ∈ Sα✱ q✉❡❞❛♥❞♦ ❞❡♠♦str❛❞♦ ❡❧ ❧❡♠❛✳

P❛s❛r❡♠♦s ❛ ❞❡✜♥✐r ✉♥ ❝♦♥❝❡♣t♦ ♠❛s ❞é❜✐❧ r❡s♣❡❝t♦ ❛ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❢✉♥❝✐♦♥❛❧❡s✳
❉❡✜♥✐❝✐ó♥ ✶✳✸✽✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❉❡❝✐♠♦s q✉❡ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✱ s✐ ♣❛r❛ ❝❛❞❛ α ∈ R✱ ❡❧ ❝♦♥❥✉♥t♦ Sα ❡s ❝♦♥✈❡①♦✳
❊♥ ♣❛rt✐❝✉❧❛r✱ ❣r❛❝✐❛s ❛❧ ▲❡♠❛ ✶✳✸✼ t♦❞❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ❡s ❝✉❛s✐❝♦♥✈❡①❛✳
❊❥❡♠♣❧♦✳
❙❡❛ f : R −→ R ❞❡✜♥✐❞❛ f(x) = x3✳ ❈♦♠♦ Sα = {x ∈ R/f(x) ≤ α} = (−∞, 3
√
α) ❡s ✉♥
❝♦♥✈❡①♦ ❡♥ R✱ s❡ s✐❣✉❡ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✼ q✉❡ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳ ▲❛ ❢✉♥❝✐ó♥ f ♥♦ ❡s ❝♦♥✈❡①❛
♣✉❡st♦ q✉❡ s✉ ❡♣í❣r❛❢❡ ♥♦ ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳ ❊❧ ❡❥❡♠♣❧♦ ♠♦str❛❞♦ ♣r✉❡❜❛ q✉❡ ❡①✐st❡♥
❢✉♥❝✐♦♥❡s ❝✉❛s✐❝♦♥✈❡①❛s ♣❡r♦ q✉❡ ♥♦ s♦♥ ❝♦♥✈❡①❛s✳
❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❛ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝✉❛s✐❝♦♥✈❡①❛✱ ❞❡✜♥✐❞❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
♥♦r♠❛❞♦✳
❚❡♦r❡♠❛ ✶✳✸✾✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❊♥t♦♥❝❡s f ❡s ❝✉❛s✐❝♦♥✈❡①❛ s✐ ② só❧♦ s✐ f(λx1+(1−λ)x2) ≤ ma´x {f(x1), f(x2)}
♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ x1, x2 ∈ S ② 0 ≤ λ ≤ 1✳
✶✻
❉❡♠♦str❛❝✐ó♥✳
=⇒)
❙✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❝✉❛s✐❝♦♥✈❡①❛ ② 0 ≤ λ ≤ 1✳ ❙✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✱ s✉♣♦♥❣❛♠♦s
q✉❡ ma´x {f(x1), f(x2)} = f(x1)✳ ❙✐ α = f(x1) t❡♥❡♠♦s q✉❡ f(x2) ≤ f(x1) ❡s ❞❡❝✐r x2 ∈ Sα
② ♦❜✈✐❛♠❡♥t❡ x1 ∈ Sα✳ ❈♦♠♦ Sf(x1) ❡s ❝♦♥✈❡①♦✱ ❡❧ ♣✉♥t♦ λx1 + (1− λ)x2 ♣❡rt❡♥❡❝❡ ❛ Sf(x1)✱
❧✉❡❣♦ f(λx1 + (1− λ)x2) ≤ f(x1) = ma´x {f(x1), f(x2)} = f(x1)✳
⇐=)
❙❡❛ λ ∈ [0, 1] ② x1, x2 ∈ Sα✱ ❡♥t♦♥❝❡s ma´x {f(x1), f(x2)} ≤ α ♣✉❡st♦ q✉❡ f(x1) ≤ α ②
f(x2) ≤ α✳ ▲✉❡❣♦ ♣♦r ❤✐♣ót❡s✐s f(λx1+(1−λ)x2) ≤ ma´x {f(x1), f(x2)} ≤ α✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛
λx1 + (1− λ)x2 ∈ Sα✱ ❞❡♠♦str❛♥❞♦ ❛sí ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ Sα✳ P♦r ❧♦ t❛♥t♦ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳

✶✳✻✳ ❙❡♣❛r❛❝✐ó♥ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s
❉❡✜♥✐❝✐ó♥ ✶✳✹✵✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ f ∈ X ′ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ♥♦ ♥✉❧❛ ② α ∈ R✳ ❊❧ ❝♦♥❥✉♥t♦
Hf,α = {x ∈ X/f(x) = α}
s❡ ❞❡♥♦♠✐♥❛ ❤✐♣❡r♣❧❛♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r f ② α✳ ▲❛ ❡①♣r❡s✐ó♥ f(x) = α s❡rá ❧❧❛♠❛❞❛ ❧❛
❡❝✉❛❝✐ó♥ ❞❡❧ ❤✐♣❡r♣❧❛♥♦ Hf,α✳ ❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ♥♦s ♠✉❡str❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ②
s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ✉♥ ❤✐♣❡r♣❧❛♥♦ s❡❛ ❝❡rr❛❞♦✳
❚❡♦r❡♠❛ ✶✳✹✶✳ ❙❡❛ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✳ ❯♥ ❤✐♣❡r♣❧❛♥♦ Hf,α ❡s ❝❡rr❛❞♦ s✐ ② só❧♦ s✐ f ∈ X⋆.
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ▲✉❡♥❜❡r❣❡r ❬✶✸❪ ✭♣❛❣✳ ✶✸✵✱ Pr♦♣♦s✐❝✐ó♥ ✸ ✮✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ A,B ⊆ X s✉❜❝♦♥❥✉♥t♦s ♥♦ ✈❛❝í♦s ② H = Hf,α ✉♥
❤✐♣❡r♣❧❛♥♦ ❡♥ X✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ H s❡♣❛r❛ ❛ A ② B ❡♥ ❡❧ s❡♥t✐❞♦ ❞é❜✐❧ s✐ f(x) ≤ α ♣❛r❛ t♦❞♦ x ∈ A ②
f(x) ≥ α ♣❛r❛ t♦❞♦ x ∈ B✳
✭✐✐✮ ❉❡❝✐♠♦s q✉❡ A ② B s♦♥ ❢✉❡rt❡♠❡♥t❡ s❡♣❛r❛❞♦s ♣♦r H s✐ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ f(x) ≤ α−ǫ
♣❛r❛ t♦❞♦ x ∈ A ② f(x) ≥ α+ ǫ ♣❛r❛ t♦❞♦ x ∈ B✳
❊✈✐❞❡♥t❡♠❡♥t❡ t♦❞❛ s❡♣❛r❛❝✐ó♥ ❢✉❡rt❡✱ ❡s ✉♥❛ s❡♣❛r❛❝✐ó♥ ❡♥ ❡❧ s❡♥t✐❞♦ ❞é❜✐❧✳ ❊♥✉♥❝✐❛r❡♠♦s ❡❧
❚❡♦r❡♠❛ ❞❡ ❍❛❤♥ ❇❛♥❛❝❤ ② s✉s ❝♦♥s❡❝✉❡♥❝✐❛s✱ q✉❡ ❞❛rá♥ ✉♥ s❡♥t✐❞♦ ❛❧❣❡❜r❛✐❝♦ ② ❣❡♦♠étr✐❝♦
❛❧ ❝♦♥❝❡♣t♦ ❞❡ s❡♣❛r❛❝✐ó♥ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✳
✶✼
❚❡♦r❡♠❛ ✶✳✹✸✳ ✭❍❛❤♥ ✲ ❇❛♥❛❝❤✮ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ② p : X −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛❧✳ ❙✐ M ⊆ X ❡s ✉♥ s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② f : M −→ R ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧
❧✐♥❡❛❧ t❛❧ q✉❡ f(x) ≤ p(x) ♣❛r❛ t♦❞♦ x ∈M ✳ ❊♥t♦♥❝❡s ❡①✐st❡ F ∈ X ′ t❛❧ q✉❡✿
✭✐✮ F (x) ≤ p(x) ♣❛r❛ t♦❞♦ x ∈ X✳
✭✐✐✮ F (x) = f(x) ♣❛r❛ t♦❞♦ x ∈M ✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❑r❡②s③✐❣ ❬✶✶❪ ✭♣❛❣✳ ✷✶✹✱ ❚❡♦r❡♠❛ ✹✳✷✳✶ ✮✳

❊♥ ♣❛rt✐❝✉❧❛r✱ ❞❡❧ ❚❡♦r❡♠❛ ✶✳✹✸ t♦♠❛♥❞♦ M = X t❡♥❡♠♦s ❡❧
❈♦r♦❧❛r✐♦ ✶✳✹✹✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ② f : X −→ R ✉♥ ❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛❧
❡♥t♦♥❝❡s ❡①✐st❡ l ∈ X ′ t❛❧ q✉❡ l(x) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ X✳
▲♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s s♦♥ ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡❧ ❚❡♦r❡♠❛ ✶✳✹✸ ② s♦♥ ❝♦♥♦❝✐❞♦s ❝♦♠♦ ❧❛ ♣r✐♠❡r❛
② s❡❣✉♥❞❛ ❢♦r♠❛ ❣❡♦♠étr✐❝❛ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥ ❇❛♥❛❝❤✳
❚❡♦r❡♠❛ ✶✳✹✺✳ ✭Pr✐♠❡r❛ ❢♦r♠❛ ❣❡♦♠étr✐❝❛ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥ ✲ ❇❛♥❛❝❤✮
❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② A,B ⊆ X ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✱ ❞✐s❥✉♥t♦s ② ♥♦ ✈❛❝í♦s✳ ❙✐ A ❡s ❛❜✐❡rt♦
❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ❤✐♣❡r♣❧❛♥♦ ❝❡rr❛❞♦ Hf,α q✉❡ s❡♣❛r❛ A ② B ❡♥ ❢♦r♠❛ ❞é❜✐❧✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❇♦t❡❧❤♦ ❬✸❪ ✭♣❛❣✳ ✹✷✱ ❚❡♦r❡♠❛ ✷✳✷✳✾ ✮✳

❚❡♦r❡♠❛ ✶✳✹✻✳ ✭❙❡❣✉♥❞❛ ❢♦r♠❛ ❣❡♦♠étr✐❝❛ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥ ✲ ❇❛♥❛❝❤✮
❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② A,B ⊆ X ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✱ ❞✐s❥✉♥t♦s ② ♥♦ ✈❛❝í♦s✳ ❙✐ A ❡s ❝❡rr❛❞♦ ②
B ❡s ❝♦♠♣❛❝t♦ ✭❡♥ ❡❧ s❡♥t✐❞♦ ❢✉❡rt❡✮ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ ❤✐♣❡r♣❧❛♥♦ ❝❡rr❛❞♦ Hf,α q✉❡ s❡♣❛r❛
❢✉❡rt❡♠❡♥t❡ A ② B✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❇♦t❡❧❤♦ ❬✸❪ ✭♣❛❣✳ ✹✹✱ ❚❡♦r❡♠❛ ✷✳✷✳✶✷ ✮✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❧❛ s❡♣❛r❛❝✐ó♥ ❞é❜✐❧ ❞❡ ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡♥ ✉♥ ❡s♣❛❝✐♦
♥♦r♠❛❞♦ r❡❛❧✳
❚❡♦r❡♠❛ ✶✳✹✼✳ ✭❚❡♦r❡♠❛ ❞❡ ❙❡♣❛r❛❝✐ó♥ ❞❡ ❊✐❞❡❧❤❡✐t✮
❙❡❛♥X ✉♥ ❡✳✈✳♥✱ S, T ⊆ X ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ♥♦ ✈❛❝í♦s t❛❧❡s q✉❡
◦
S 6= ∅✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮
◦
S ∩ T = ∅✳
✭✐✐✮ ❊①✐st❡♥ l ∈ X⋆ \ {0X⋆} ② α ∈ R t❛❧❡s q✉❡✿
❛✮ l(s) ≤ α ≤ l(t) ♣❛r❛ t♦❞♦ s ∈ S ② t ∈ T ✳
❜✮ l(s) < α ♣❛r❛ t♦❞♦ s ∈
◦
S✳
✶✽
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ❲❡r♥❡r ❬✶✼❪ ✭♣❛❣✳ ✼✶ ❚❡♦r❡♠❛ ✸✳✷✳✹ ✮✳

▲♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s s♦♥ ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡❧ ❚❡♦r❡♠❛ ✶✳✹✼✳
❚❡♦r❡♠❛ ✶✳✹✽✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡✳✈✳♥ ② S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ② ❝❡rr❛❞♦✳
❊♥t♦♥❝❡s x ∈ X \ S s✐ ② só❧♦ s✐ ❡①✐st❡ l ∈ X⋆ ♥♦ ♥✉❧♦ t❛❧ q✉❡ l(x) < ı´nf
s∈S
l(s)✳
❉❡♠♦str❛❝✐ó♥✳
=⇒)
❙✉♣♦♥❣❛♠♦s q✉❡ x ∈ X \S✳ ❈♦♠♦ S ❡s ❝❡rr❛❞♦✱ X \S ❡s ❛❜✐❡rt♦✱ ❧✉❡❣♦ ❡①✐st❡ ✉♥❛ ❜♦❧❛ ❛❜✐❡rt❛
B(x, r) t❛❧ q✉❡ B(x, r) ∩ S = ∅✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✼ ❡①✐st❡ l ∈ X⋆ ♥♦ ♥✉❧♦ ② α ∈ R t❛❧❡s q✉❡
l(x) < α ≤ l(s) ♣❛r❛ t♦❞♦ s ∈ S✳ ❉❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ t❡♥❡♠♦s
l(x) < α
≤ ı´nf
s∈S
l(s)
❉❡ ❞♦♥❞❡ r❡s✉❧t❛ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥✳
⇐=)
❚♦♠❡♠♦s x ∈ X✳ P♦r ❤✐♣ót❡s✐s t❡♥❡♠♦s q✉❡ ❡①✐st❡ l ∈ X⋆ ♥♦ ♥✉❧♦ t❛❧ q✉❡ l(x) < ı´nf
s∈S
l(s)✳ ❙✐
x ∈ S ❡♥t♦♥❝❡s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s l(x) < l(x) ❧♦ ❝✉❛❧ ❡s ✉♥ ❛❜s✉r❞♦✳ P♦r ❧♦
t❛♥t♦ x ∈ X \ S✳

❚❡♦r❡♠❛ ✶✳✹✾✳ ❙❡❛ X ✉♥ ❡✳✈✳♥✳ ❙✐ x ∈ X ❡♥t♦♥❝❡s ❡①✐st❡ l ∈ X⋆ t❛❧❡s q✉❡ ‖l‖X⋆ = 1 ②
l(x) = ‖x‖✳
❉❡♠♦str❛❝✐ó♥✳
❙❡ ♣r❡s❡♥t❛♥ ❞♦s ❝❛s♦s✿
❈❛s♦ ✶
❙✐ x = 0 ❡s ❡✈✐❞❡♥t❡✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r l ∈ X⋆ t❛❧ q✉❡ ‖l‖X⋆ = 1✳
❈❛s♦ ✷
❙✐ x 6= 0✱ ❝♦♥s✐❞❡r❡♠♦s S = B¯(0, ‖x‖) ② T = {x}✳ ❈❧❛r❛♠❡♥t❡ S ❡s ❝♦♥✈❡①♦ ②
◦
S∩T = ∅✳
P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✼ ❡①✐st❡ l¯ ∈ X⋆ ♥♦ ♥✉❧♦ ② α ∈ R t❛❧❡s q✉❡ l¯(s) ≤ α ≤ l¯(x) ♣❛r❛ t♦❞♦
s ∈ S✳ ❉❡✜♥✐♠♦s l = l¯∥∥l¯∥∥
X⋆
✱ ❛sí t❡♥❡♠♦s q✉❡ ‖l‖X⋆ = 1 ② l(s) ≤ l(x) ♣❛r❛ t♦❞♦ s ∈ S✳
❈♦♠♦ sup
‖y‖≤1
|l(y)| = 1 ❧♦❣r❛♠♦s
✶✾
‖x‖ = ‖x‖ sup
‖y‖≤1
|l(y)|
= sup
‖y‖≤1
|l(‖x‖ y)|
= sup
s∈S
|l(s)|
= sup
s∈S
l(s) ≤ l(x) (−s ∈ S)
❖❜t❡♥✐❡♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ‖x‖ ≤ l(x)✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ♥♦r♠❛ ‖ ‖X⋆ t❡♥❡♠♦s
q✉❡ l(y) ≤ ‖y‖ ♣❛r❛ t♦❞♦ y ∈ X✳ ❊♥ ♣❛rt✐❝✉❧❛r l(x) ≤ ‖x‖✱ q✉❡❞❛♥❞♦ ❞❡♠♦str❛❞♦ ❡❧
t❡♦r❡♠❛✳

✷✵
❈❛♣ít✉❧♦ ✷
▼✐♥✐♠✐③❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❡♥
❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
❈♦♥s✐❞❡r❡♠♦s (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ r❡❛❧ ♥♦r♠❛❞♦✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❇❛❥♦ ❡st❛s ❤✐♣ót❡s✐s✱ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥
mı´n
x∈S
f(x) ✭✷✳✶✮
❡s ❞❡❝✐r✱ ❡♥❝♦♥tr❛r ❧♦s ♣✉♥t♦s ❡♥ S ❞♦♥❞❡ f ❛❧❝❛♥③❛ s✉ ♠í♥✐♠♦✳ ❊♥ ❣❡♥❡r❛❧ ♥♦ s✐❡♠♣r❡ ❡s
♣♦s✐❜❧❡ ❡♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ ❛❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳ ❈♦♠♦ ❡❥❡♠♣❧♦✱ t❡♥❡♠♦s ❡❧ ❝❛s♦ ❡♥ q✉❡
X = S = R ② ❡❧ ❢✉♥❝✐♦♥❛❧ ❝♦♥t✐♥✉♦ f : S −→ R ❞❛❞♦ ♣♦r f(x) = ex✳
P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛❝✐ó♥✱
ma´x
x∈S
f(x)
❜❛st❛ ❝♦♥s✐❞❡r❛r −f ❡♥ ✈❡③ ❞❡ f ♣❛r❛ ❧❧❡✈❛r ❡❧ ♣r♦❜❧❡♠❛ ❛❧ ❝❛s♦ ❞❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳
✷✳✶✳ ❊①✐st❡♥❝✐❛ ❞❡ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s
❯♥♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s t❡♦r❡♠❛s ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ ♠í♥✐♠♦ ✭② ♠á①✐♠♦✮ ❡♥ ❡s♣❛❝✐♦s ❛❜str❛❝t♦s ❡s
❡❧ ❚❡♦r❡♠❛ ❞❡ ❲❡✐❡rstr❛ss✱ ❡❧ ❝✉❛❧ ❛✜r♠❛ q✉❡ ❞❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦K ❡♥ ❧❛ t♦♣♦❧♦❣í❛ ❞❡
❧❛ ♥♦r♠❛ ② ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥t✐♥✉❛ f : K −→ R✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ ❛❞♠✐t❡ ✉♥❛ s♦❧✉❝✐ó♥
❢❛❝t✐❜❧❡ ❡♥K✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❝♦♥❞✐❝✐♦♥❡s ♠ás ❣❡♥❡r❛❧❡s q✉❡ ♣❡r♠✐t❛♥ ❞❡♠♦str❛r
❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ s♦❜r❡ ❝♦♥❥✉♥t♦s q✉❡ ♥♦ s♦♥ ♥❡❝❡s❛r✐❛♠❡♥t❡
❝♦♠♣❛❝t♦s ② s♦❜r❡ ❢✉♥❝✐♦♥❛❧❡s q✉❡ ♥♦ s✐❡♠♣r❡ s❡rá♥ ❝♦♥t✐♥✉❛s✳ ❊♥ ♣r✐♥❝✐♣✐♦ ❞❛r❡♠♦s ❧❛s
s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✳ ❉❡❝✐♠♦s q✉❡ f ♣♦s❡❡ ✉♥
♠í♥✐♠♦ ❣❧♦❜❛❧ ♦ ❛❜s♦❧✉t♦ ❡♥ ❡❧ ♣✉♥t♦ x¯ ∈ S s✐ f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S✳ ❊♥ t❛❧ s❡♥t✐❞♦✱
❞❡♥♦t❛r❡♠♦s ♣♦r f(x¯) = mı´n
x∈S
f(x) ❛❧ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ f ❡♥ S ② x¯ = ❛r❣♠✐♥
x∈S
f(x) ❛❧ ♣✉♥t♦
♠✐♥✐♠✐③❛♥t❡ x¯✳
✷✶
❉❡❝✐♠♦s q✉❡ f ♣♦s❡❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ♦ r❡❧❛t✐✈♦ ❡♥ ❡❧ ♣✉♥t♦ x¯ ∈ S s✐ ❡①✐st❡ δ > 0 t❛❧ q✉❡
f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S ∩B(x¯, δ✮✳
❉❡✜♥✐❝✐ó♥ ✷✳✷✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ r❡❛❧ ♥♦r♠❛❞♦✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧✳ ❉❡❝✐♠♦s q✉❡ f ❡s ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r ❡♥ ❡❧ ♣✉♥t♦ x¯ ∈ X s✐ ♣❛r❛ ❝❛❞❛
s✉❝❡s✐ó♥ (xn) ⊆ S t❛❧ q✉❡ xn ⇀ x¯ s❡ ❝✉♠♣❧❡
l´ım ı´nf
n→∞
f(xn) ≥ f(x¯)
❊❥❡♠♣❧♦✳
❈♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ f : R −→ R ❞❡✜♥✐❞❛ ♣♦r
f(x) =

1, x 6= 00, x = 0
❈❧❛r❛♠❡♥t❡✱ f ❡s ❞✐s❝♦♥t✐♥✉❛ ❡♥ x = 0✳ ❆✜r♠❛♠♦s q✉❡ f ❡s ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r
❡♥ x = 0✳ ❊♥ ❡❢❡❝t♦ s❡❛ xn ⇀ 0✱ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ f t❡♥❡♠♦s f(xn) ∈ {0, 1}✳ P♦r ❧♦ t❛♥t♦
l´ım ı´nf
n→∞
f(xn) ≥ 0 = f(0)
▼♦str❛♥❞♦ ❛sí ❧❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞ ❞é❜✐❧ ✐♥❢❡r✐♦r ❞❡ f ❡♥ x = 0✳
❊❧ s✐❣✉✐❡♥t❡ ❚❡♦r❡♠❛ ❣❛r❛♥t✐③❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳
❚❡♦r❡♠❛ ✷✳✸✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙✐ S ⊆ X ❡s
❞é❜✐❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ♣♦r s✉❝❡s✐♦♥❡s ② f ❡s ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r✱ ❡♥t♦♥❝❡s ❡①✐st❡
❛❧ ♠❡♥♦s ✉♥ ♣✉♥t♦ x¯ ∈ S t❛❧ q✉❡ f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S✳ ❊s ❞❡❝✐r ❡❧ ♣r♦❜❧❡♠❛ ❞❡
♠✐♥✐♠✐③❛❝✐ó♥ ✭✷✳✶✮ ❛❞♠✐t❡ ✉♥❛ s♦❧✉❝✐ó♥✳
❉❡♠♦str❛❝✐ó♥✳
❊♥ ♣r✐♥❝✐♣✐♦ ❛✜r♠❛♠♦s q✉❡ ❡①✐st❡ β = ı´nf
x∈S
f(x)✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ f ♥♦ ❡s ❛❝♦t❛❞❛
✐♥❢❡r✐♦r♠❡♥t❡ ✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✳ ❆sí ♣❛r❛ ❝❛❞❛ n ∈ N✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r xn ∈ S t❛❧ q✉❡
f(xn) < −n✳ ❈♦♠♦ {xn} ⊆ S ② s✐❡♥❞♦ ❡st❡ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞é❜✐❧ ❡♥ X✱ ❡①✐st❡ ✉♥❛
s✉❜s✉❝❡s✐ó♥ (xnk) ❞❡ (xn) ② ✉♥ ♣✉♥t♦ w ∈ S t❛❧❡s q✉❡ xnk ⇀ w s✐ k →∞✳ P♦r ❧♦ t❛♥t♦
f(w) ≤ l´ım ı´nf
k→∞
f(xnk)
< −nk
< −∞
▲♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳ P♦r ❧♦ t❛♥t♦ t❡♥❡♠♦s ❧❛ ❛✜r♠❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ (zn) ⊆ S t❛❧ q✉❡ f(zn) −→ β s✐ n −→∞✳ P♦r ❧❛ ❝♦♠♣❛❝✐❞❛❞ ❞é❜✐❧
✷✷
❞❡ S ❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (znk) ❞❡ (zn) ② ✉♥ ♣✉♥t♦ x¯ ∈ S t❛❧❡s q✉❡ znk ⇀ x¯✳ ▲✉❡❣♦ ♣♦r ❧❛
s❡♠✐❝♦♥t✐♥✉✐❞❛❞ ❞é❜✐❧ ✐♥❢❡r✐♦r ❞❡ f t❡♥❡♠♦s
f(x¯) ≤ l´ım ı´nf
k→∞
f(znk)
= β
P♦r ❧♦ t❛♥t♦ f(x¯) ≤ β = ı´nf
x∈S
f(x)✳ ❆sí t❡♥❡♠♦s f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S✳ ❊♥ ❝♦♥❝❧✉s✐ó♥
❡①✐st❡ mı´n
x∈S
f(x)✳

▲❡♠❛ ✷✳✹✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② S ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱ ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦✳ ❊♥t♦♥❝❡s S ❡s
❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ (xn) ⊆ S ❞é❜✐❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❛ ✉♥ ♣✉♥t♦ x ∈ X✳ ❱❡❛♠♦s q✉❡
x ∈ S✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ x /∈ S ✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✽ ❡①✐st❡
f ∈ X⋆ ♥♦ ♥✉❧♦ t❛❧ q✉❡ f(x) < ı´nf
s∈S
f(s)✳ P♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ f ✱ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✶✽ ② ❧❛
❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s
f(x) = l´ım
n→∞
f(xn)
≥ ı´nf
s∈S
f(s)
> f(x)
q✉❡ ❡s ✉♥ ❛❜s✉r❞♦✳ P♦r ❧♦ t❛♥t♦ x ∈ S✱ ❛sí S ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❝❛r❛❝t❡r✐③❛ ❧❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞ ❞é❜✐❧ ✐♥❢❡r✐♦r ❞❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧ f ✳
▲❡♠❛ ✷✳✺✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮ f ❡s ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r✳
✭✐✐✮ ❡♣✐(f) ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s ❡♥ S × R✳
✭✐✐✐✮ ❙✐ α ∈ R ② Sα ❡s ♥♦ ✈❛❝í♦ ❡♥t♦♥❝❡s Sα ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✳
❉❡♠♦str❛❝✐ó♥✳
i) =⇒ ii)
❙✉♣♦♥❣❛♠♦s q✉❡ f s❡❛ ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r ② ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ (xn, αn)
❡♥ ❡♣✐(f) t❛❧ q✉❡ (xn, αn) ⇀ (x, α) ❝♦♥ (x, α) ∈ S × R✳ ❱❡❛♠♦s q✉❡ (x, α) ∈ ❡♣✐(f)✳ ❊♥
✷✸
❡❢❡❝t♦✱ ♣♦r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞é❜✐❧ ❞❡ (xn, αn) ❛ (x, α) ❡♥ X × R✱ t❡♥❡♠♦s q✉❡ xn ⇀ x ❡♥ X ②
αn ⇀ α ❡♥ R ② s✐❡♥❞♦ S ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦✱ t❡♥❡♠♦s q✉❡ x ∈ S✳ ❈♦♠♦ R ❡s ✉♥ ❡s♣❛❝✐♦ ✜♥✐t♦
❞✐♠❡♥s✐♦♥❛❧ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✷✵ s❡ ❝✉♠♣❧❡ q✉❡ αn −→ α s✐ n → ∞✱ ❛sí ❞❛❞♦ ǫ > 0 ❡①✐st❡
n0 ∈ N t❛❧ q✉❡ αn < α+ ǫ ♣❛r❛ t♦❞♦ n ≥ n0✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✹ t❡♥❡♠♦s f(xn) ≤ αn ♣❛r❛
t♦❞♦ n ∈ N✳ ❊♥ ♣❛rt✐❝✉❧❛r f(xn) ≤ αn < α+ ǫ ♣❛r❛ t♦❞♦ n ≥ n0✳ ❆sí ♣♦r ❧❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞
❞é❜✐❧ ✐♥❢❡r✐♦r ❞❡ f ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❝♦♥s❡❣✉✐♠♦s
f(x) ≤ l´ım ı´nf
n→∞
f(xn)
≤ l´ım ı´nf
n→∞
f(αn)
= α < α+ ǫ
r❡s✉❧t❛♥❞♦ f(x) < α+ ǫ ♣❛r❛ t♦❞♦ ǫ > 0✳ P♦r ❧♦ t❛♥t♦ f(x) ≤ α✱ ❝♦♥ ❧♦ ❝✉❛❧ (x, α) ∈ ❡♣✐(f)✳
ii) =⇒ iii)
❙✉♣♦♥❣❛♠♦s q✉❡ ❡♣✐(f) ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s ② t♦♠❡♠♦s α ∈ R t❛❧ q✉❡
Sα 6= Ø✳ ❈♦♠♦ S ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ❡♥ X ② {α} ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ✭♣♦r ❡❧ ▲❡♠❛ ✷✳✹✮
t❡♥❡♠♦s q✉❡ S × {α} ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ❡♥ X × R✳
❆✜r♠❛❝✐ó♥✿ Sα × {α} = ❡♣✐(f) ∩ (S × {α})✳
❊♥ ❡❢❡❝t♦
(x, y) ∈ Sα × {α} =⇒ x ∈ Sα ∧ y = α
=⇒ f(x) ≤ α ∧ y = α (x ∈ S)
=⇒ (x, α) ∈ ❡♣✐(f) ∧ (x, α) ∈ (S × {α})
=⇒ (x, y)∈ ❡♣✐(f) ∩ (S × {α})
P♦r ♦tr♦ ❧❛❞♦
(x, y)∈ ❡♣✐(f) ∩ (S × {α}) =⇒ (x, y) ∈ ❡♣✐(f) ∧ (x, y) ∈ S × {α}
=⇒ f(x) ≤ y ∧ x ∈ S ∧ y = α
=⇒ f(x) ≤ α ∧ y = α
=⇒ x ∈ Sα ∧ y = α
=⇒ (x, y) ∈ Sα × {α}
❈♦♥ ❧♦ ❝✉❛❧ s❡ t✐❡♥❡ ❧❛ ❛✜r♠❛❝✐ó♥✳ ❈♦♠♦ ❧❛ ✐♥t❡rs❡❝❝✐ó♥ ❞❡ ❞♦s ❝♦♥❥✉♥t♦s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦s
♣♦r s✉❝❡s✐♦♥❡s ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✱ ❞❡ ❧❛ ❛✜r♠❛❝✐ó♥ ❛♥t❡r✐♦r ❝♦♥❝❧✉✐♠♦s q✉❡
Sα × {α} ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✳ P♦r ❧♦ t❛♥t♦ Sα ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r
s✉❝❡s✐♦♥❡s✳
✷✹
iii) =⇒ i)
❙✉♣♦♥❣❛♠♦s q✉❡ f ♥♦ s❡❛ s❡♠✐❝♦♥t✐♥✉❛ ❞é❜✐❧ ✐♥❢❡r✐♦r ✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✱ ❡♥t♦♥❝❡s ❡①✐st❡
✉♥❛ s✉❝❡s✐ó♥ (xn) ⊆ S t❛❧ q✉❡ xn ⇀ x¯ ② l´ım ı´nf
n→∞
f(xn) < f(x¯)✳ ❚♦♠❡♠♦s α ∈ R t❛❧ q✉❡
l´ım ı´nf
n→∞
f(xn) < α < f(x¯✮✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧í♠✐t❡ ✐♥❢❡r✐♦r✱ ❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (xnj ) ❞❡
(xn) t❛❧ q✉❡ xnj ∈ Sα✱ ♣❛r❛ t♦❞♦ i ∈ N ② xnj ⇀ x¯ s✐ j →∞✳ P❡r♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱
t❡♥❡♠♦s q✉❡ f(x¯) > α✱ ❝♦♥ ❧♦ ❝✉❛❧ x¯ /∈ Sα q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ❤✐♣ót❡s✐s✳

▲❡♠❛ ✷✳✻✳ ❙❡❛♥ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ X ② f : X −→
R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙✐ f ❡s ❝♦♥t✐♥✉❛ ② ❝✉❛s✐❝♦♥✈❡①❛✳ ❊♥t♦♥❝❡s f ❡s ❞é❜✐❧♠❡♥t❡ s❡♠✐❝♦♥t✐♥✉❛
✐♥❢❡r✐♦r✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❡❧ ▲❡♠❛ ✷✳✺ ❜❛st❛r❛ ✈❡r q✉❡ Sα ✭♥♦ ✈❛❝í♦✮ ❡s ❝❡rr❛❞♦ ❞é❜✐❧ ♣♦r s✉❝❡s✐♦♥❡s✳ ❊♥ ❡❢❡❝t♦✱ s❡❛
α ∈ R t❛❧ q✉❡ Sα 6= ∅✳ ❙✐❡♥❞♦ f ❝♦♥t✐♥✉❛ ② S ✉♥ ❝♦♥❥✉♥t♦ ❝❡rr❛❞♦✱ ❡♥t♦♥❝❡s Sα ❡s ❝❡rr❛❞♦ ②
❛❞❡♠ás ❝♦♥✈❡①♦ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✽✳ P♦r ❡❧ ▲❡♠❛ ✷✳✹ s❡ s✐❣✉❡ q✉❡ Sα ❡s ❝❡rr❛❞♦ ❞é❜✐❧ ♣♦r
s✉❝❡s✐♦♥❡s✱ ❞❡ ❞♦♥❞❡ s❡ s✐❣✉❡ ❡❧ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✼✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ② S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱
❝❡rr❛❞♦✱ ❝♦♥✈❡①♦ ② ❛❝♦t❛❞♦✳ ❊♥t♦♥❝❡s S ❡s ❞é❜✐❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ♣♦r s✉❝❡s✐♦♥❡s✳
❉❡♠♦str❛❝✐ó♥✳
❚♦♠❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ (xn) ⊆ S ❛r❜✐tr❛r✐❛✳ ❈♦♠♦ S ❡s ❛❝♦t❛❞♦ t❡♥❡♠♦s q✉❡ (xn) ❡s ❛❝♦t❛❞❛✳
❆sí ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✷✸ ② ❧❛ r❡✢❡①✐✈✐❞❛❞ ❞❡❧ ❡s♣❛❝✐♦ X✱ ❡①✐st❡♥ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (xnj ) ❞❡ (xn)
② ✉♥ ♣✉♥t♦ x ∈ X t❛❧❡s q✉❡ xnj ⇀ x s✐ j → ∞✳ ❙✐❡♥❞♦ S ✉♥ ❝♦♥❥✉♥t♦ ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦✱
♣♦r ❡❧ ▲❡♠❛ ✷✳✹ t❡♥❡♠♦s q✉❡ S ❡s ❞é❜✐❧♠❡♥t❡ ❝❡rr❛❞♦ ♣♦r s✉❝❡s✐♦♥❡s✳ P♦r ❧♦ t❛♥t♦ x ∈ S✱
♠♦str❛♥❞♦ ❛sí ❧❛ ❝♦♠♣❛❝✐❞❛❞ ❞é❜✐❧ ♣♦r s✉❝❡s✐♦♥❡s ❞❡ S✳

●r❛❝✐❛s ❛ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ ❡♥✉♥❝✐❛r❡♠♦s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❡❧ ♣✉♥t♦ ♠✐✲
♥✐♠✐③❛♥t❡ ❞❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞❛ s♦❜r❡ ✉♥ ❡s♣❛❝✐♦ r❡✢❡①✐✈♦✳
❚❡♦r❡♠❛ ✷✳✽✳ ❙❡❛ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ② S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱
❝♦♥✈❡①♦✱ ❝❡rr❛❞♦ ② ❛❝♦t❛❞♦✳ ❙✐ f : S −→ R ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ② ❝✉❛s✐❝♦♥✈❡①❛✳ ❊♥t♦♥❝❡s
f ♣♦s❡❡ ✉♥ ♣✉♥t♦ ♠í♥✐♠♦ ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❧❛s ❤✐♣ót❡s✐s s♦❜r❡ S ② ❡❧ ▲❡♠❛ ✷✳✼ t❡♥❡♠♦s q✉❡ S ❡s s❡❝✉❡♥❝✐❛❧♠❡♥t❡ ❞é❜✐❧ ❝♦♠♣❛❝t♦✳ ❆sí
♣♦r ❡❧ ▲❡♠❛ ✷✳✻ f ❡s s❡♠✐❝♦♥t✐♥✉❛ ❞é❜✐❧ ✐♥❢❡r✐♦r✳ ▲✉❡❣♦ s❡ ❝✉♠♣❧❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛
✷✳✸✱ ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ x¯ ∈ S t❛❧ q✉❡ f(x¯) = mı´n
x∈S
f(x)✳

✷✺
✷✳✷✳ ❈♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s
❊♥ ❡st❛ s❡❝❝✐ó♥ r❡✈✐s❛r❡♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ❞❡ ✉♥❛
❢✉♥❝✐♦♥❛❧ f ❞❡✜♥✐❞❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✳
❉❡✜♥✐❝✐ó♥ ✷✳✾✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳
❊❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ❞❡ f ❡♥ S ❡st❛ ❞❡✜♥✐❞♦ ② s❡rá ❞❡♥♦t❛❞♦ ❝♦♠♦ M(f) =
{x¯ ∈ S/f(x¯) ≤ f(x), ♣❛r❛ t♦❞♦ x ∈ S}✳
❚❡♦r❡♠❛ ✷✳✶✵✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡✳✈✳♥ ② S 6= ∅ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳ ❙✐ f : S −→ R ❡s
❝✉❛s✐❝♦♥✈❡①❛✱ ❡♥t♦♥❝❡s M(f) ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ❞♦s ❝❛s♦s✳ ❙✐M(f) ❡s ✈❛❝í♦✱ ♥♦ ❤❛② ♥❛❞❛ q✉❡ ♣r♦❜❛r✳ ❙✉♣♦♥❣❛♠♦s q✉❡ x¯ ∈M(f)
② ❞❡✜♥❛♠♦s ❡❧ ❝♦♥❥✉♥t♦
M = {x ∈ S/f(x) ≤ f(x¯)}
P♦r ❧❛ ❝✉❛s✐❝♦♥✈❡①✐❞❛❞ ❞❡ f ② ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✽ s❡ s✐❣✉❡ q✉❡ M ❡s ❝♦♥✈❡①♦✳ ❱❡❛♠♦s q✉❡
M = M(f)✳ ❊♥ ❡❢❡❝t♦ s✐ w ∈ M ❡♥t♦♥❝❡s f(w) ≤ f(x¯) ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ f(w) ≤ f(x) ♣❛r❛
t♦❞♦ x ∈ S✱ ♣♦r t❛♥t♦ w ∈ M(f)✳ P♦r ♦tr❛ ♣❛rt❡✱ s✐ w ∈ M(f) ❡♥t♦♥❝❡s f(w) ≤ f(x) ♣❛r❛
t♦❞♦ x ∈ S✱ ❡♥ ♣❛rt✐❝✉❧❛r f(w) ≤ f(x¯)✱ ❡s ❞❡❝✐r w ∈M ❧♦❣r❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♠✉❡str❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧ f
s❡❛ ✉♥ ♠í♥✐♠♦ ❣❧♦❜❛❧✳
❚❡♦r❡♠❛ ✷✳✶✶✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ② ❝♦♥✈❡①♦ ② f : S −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❙✐ x¯ ❡s ✉♥ ♣✉♥t♦ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ f ❡♥t♦♥❝❡s x¯ ❡s ✉♥ ♣✉♥t♦ ♠í♥✐♠♦ ❣❧♦❜❛❧
❞❡ f ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ x¯ ∈ S ✉♥ ♣✉♥t♦ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ f ✱ ❡♥t♦♥❝❡s ❡①✐st❡ δ > 0 t❛❧ q✉❡ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f
❡♥ S ∩ B(x¯, δ)✱ ❡s ❞❡❝✐r f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S ∩ B(x¯, δ)✳ ❆✜r♠❛♠♦s q✉❡ f(x¯) ≤ f(x)
♣❛r❛ t♦❞♦ x ∈ S \ B(x¯, δ)✳ ❊♥ ❡❢❡❝t♦✱ s❡❛ x ∈ S t❛❧ q✉❡ x /∈ B(x¯, δ✮✱ ❡♥t♦♥❝❡s ❡❧ ♥ú♠❡r♦
r❡❛❧ λ = δ/‖x−x¯‖ ♣❡rt❡♥❡❝❡ ❛❧ ✐♥t❡r✈❛❧♦ (0, 1)✱ ❛sí ❡❧ ♣✉♥t♦ xλ = λx + (1 − λ)x¯ ♣♦r ❤✐♣ót❡s✐s✱
♣❡rt❡♥❡❝❡ ❛ S✳ ▲✉❡❣♦
‖xλ − x¯‖ = ‖λx+ (1− λ)x¯− x¯‖
= λ ‖x− x¯‖
= δ
✷✻
❞❡♠♦str❛♥❞♦ q✉❡ xλ ♣❡rt❡♥❡❝❡ ❛ S ∩ B(x¯, δ)✳ ❉❡ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ② ❧❛ ❤✐♣ót❡s✐s ❞❡ ♠✐♥✐✲
♠❛❧✐❞❛❞ ❧♦❝❛❧✱ t❡♥❡♠♦s
f(x¯) ≤ f(xλ)
= f(λx+ (1− λ)x¯)
≤ λf(x) + (1− λ)f(x¯) ✭✷✳✷✮
❆sí✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✷✳✷✮ t❡♥❡♠♦s λf(x¯) ≤ λf(x) ♣♦r ❧♦ t❛♥t♦ f(x¯) ≤ f(x¯) ♣✉❡st♦ q✉❡
λ ∈ (0, 1)✱ ❝♦♥ ❧♦ ❝✉❛❧ f(x¯) ≤ f(x) ♣❛r❛ t♦❞♦ x ∈ S✱ ♠♦str❛♥❞♦ ❞❡ ❡st❛ ❢♦r♠❛ ❧❛ ♠✐♥✐♠❛❧✐❞❛❞
❣❧♦❜❛❧ ❞❡ x¯ ❡♥ S✳

✷✳✸✳ ❆♣❧✐❝❛❝✐ó♥ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦①✐♠❛❧✐❞❛❞
❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ S ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ❞❡ X ② xˆ ∈ X ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦✳ ❙❡
♣r❡s❡♥t❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦①✐♠❛❧✐❞❛❞ ♦ ♣✉♥t♦ ♣r♦①✐♠✐③❛♥t❡✱ ❝♦♠♦ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r
✉♥ ♣✉♥t♦ x¯ ∈ S q✉❡ ♠✐♥✐♠✐❝❡ ❧❛ ❢✉♥❝✐♦♥❛❧
fxˆ : S −→ R
x 7−→ fxˆ(x) = ‖x− xˆ‖ ✭✷✳✸✮
❡s ❞❡❝✐r ‖x¯− xˆ‖ ≤ ‖x− xˆ‖ ♣❛r❛ t♦❞♦ x ∈ S✳ ❈♦♠❡♥③❛r❡♠♦s ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳
❉❡✜♥✐❝✐ó♥ ✷✳✶✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦ ② S ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ❞❡ X✳
❉❡❝✐♠♦s q✉❡ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ♣r♦①✐♠✐♥❛❧ s✐ ♣❛r❛ ❝❛❞❛ xˆ ∈ X ❡①✐st❡ x¯ ∈ S t❛❧ q✉❡ x¯ =
❛r❣♠✐♥
x∈S
fxˆ(x)✳ ❊♥ t❛❧ s❡♥t✐❞♦ ❞❡❝✐♠♦s q✉❡ x¯ ❡s ❧❛ ♠❡❥♦r ❛♣r♦①✐♠❛❝✐ó♥ ♦ ♣✉♥t♦ ♣r♦①✐♠❛❧ ❛ xˆ
❞❡s❞❡ S✳
❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ❝♦♥s✐❞❡r❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ q✉❡ ✉♥ ❝♦♥❥✉♥t♦ s❡❛ ♣r♦①✐♠✐♥❛❧
❞❡♥tr♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✳
❚❡♦r❡♠❛ ✷✳✶✸✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ② S ⊆ X ♥♦ ✈❛❝í♦✳ ❙✐ S ❡s
❝❡rr❛❞♦ ② ❝♦♥✈❡①♦ ❡♥t♦♥❝❡s S ❡s ♣r♦①✐♠✐♥❛❧✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ S ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝❡rr❛❞♦✱ ❝♦♥✈❡①♦ ② ♥♦ ✈❛❝í♦ ❞❡ X ② xˆ ∈ X ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦✳
❱❡❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥✱ r❡s♣❡❝t♦ ❛ ❧❛ ❢✉♥❝✐♦♥❛❧
fxˆ(x) = ‖x− xˆ‖ ❡♥ S✳
❆✜r♠❛♠♦s q✉❡ fxˆ ❡s ❝♦♥t✐♥✉❛ ② ❝♦♥✈❡①❛✳ ❊♥ ❡❢❡❝t♦✿
✷✼
 fxˆ ❡s ❝♦♥t✐♥✉❛✿ ❙✐ x, y ∈ S t❡♥❡♠♦s
|fxˆ(x)− fxˆ(y)| = |‖x− xˆ‖ − ‖y − xˆ‖|
≤ ‖(x− xˆ)− (y − xˆ‖ = ‖x− y‖
 fxˆ ❡s ❝♦♥✈❡①❛✿ ❙✐ x, y ∈ S ② λ ∈ [0, 1] ❡♥t♦♥❝❡s
fxˆ(λx+ (1− λ)y) = ‖λx+ (1− λ)y − xˆ‖
= ‖λ(x− xˆ) + (1− λ)(y − xˆ)‖
≤ λ ‖x− xˆ‖+ (1− λ) ‖y − xˆ‖
= λfxˆ(x) + (1− λ)fxˆ(y)
P♦r ❧♦ t❛♥t♦ f ❡s ❝♦♥t✐♥✉❛ ② ❝♦♥✈❡①❛ ✭❝✉❛s✐❝♦♥✈❡①❛✮✳ ❚♦♠❡♠♦s x˜ ∈ S ✜❥♦ ♣❡r♦ ❛r❜✐tr❛r✐♦✳
❉❡✜♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ S˜ = {x ∈ S/fxˆ(x) ≤ fxˆ(x˜)}✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f t❡♥❡♠♦s q✉❡ S˜ ❡s
❝♦♥✈❡①♦ ❡♥ X ② ❛❞❡♠ás ♣❛r❛ ❝❛❞❛ x ∈ S˜ s❡ t✐❡♥❡
‖x‖ = ‖x− xˆ+ xˆ‖
≤ ‖x− xˆ‖+ ‖xˆ‖
= fxˆ(x) + ‖xˆ‖ ≤ f(x˜) + ‖xˆ‖ ✭✷✳✹✮
P♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✷✳✹✮ t❡♥❡♠♦s q✉❡ S˜ ❡s ❛❝♦t❛❞♦✳ ❈♦♠♦ fxˆ ❡s ❝♦♥t✐♥✉❛ ② S ❡s ❝❡rr❛❞♦
❡♥t♦♥❝❡s S˜ ❡s ❝❡rr❛❞♦✳ ❆sí ❡st❛♠♦s ❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✷✳✽✱ ♣♦r ❧♦ t❛♥t♦✱ ❡①✐st❡ x¯ ∈ S˜
t❛❧ q✉❡ fxˆ(x¯) ≤ fxˆ(x) ♣❛r❛ t♦❞♦ x ∈ S˜✳ P♦r ♦tr♦ ❧❛❞♦ ❝♦♠♦ S˜ ⊆ S ❡♥t♦♥❝❡s x¯ ∈ S ② ❛❞❡♠ás
♣❛r❛ ❝❛❞❛ x /∈ S˜ t❡♥❡♠♦s q✉❡ fxˆ(x) > fxˆ(x˜) ≥ f(x¯)✱ ♣♦r ❧♦ t❛♥t♦ fxˆ(x¯) ≤ fxˆ(x) ♣❛r❛ t♦❞♦
x ∈ S✳ ❈♦♠♦ xˆ ∈ X ❢✉❡ t♦♠❛❞♦ ❛r❜✐tr❛r✐♦✱ t❡♥❡♠♦s q✉❡ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ♣r♦①✐♠✐♥❛❧✳

✷✳✹✳ Pr♦❜❧❡♠❛ ❞❡ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❈❤❡❜②s❤❡✈
❈♦♥s✐❞❡r❡♠♦s M ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ② ❡❧ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤
C(M) = {f : M −→ R/f ❡s ❝♦♥t✐♥✉❛ ❡♥ M}
❜❛❥♦ ❧❛ ♥♦r♠❛ ‖f‖C(M) = ma´x
t∈M
|f(t)|✳
❈♦♥s✐❞❡r❡♠♦s S ⊆ C(M) ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱ ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦ ② fˆ ∈ C(M)✳ ❊❧
♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥ ❡♥ ❡st❡ ❝❛s♦✱ r❡s♣❡❝t♦ ❛❧ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ ❝♦♥s✐st❡ ❡♥ ❡♥❝♦♥tr❛r
✷✽
f¯ ∈ S t❛❧ q✉❡
∥∥∥f¯ − fˆ∥∥∥ ≤ ∥∥∥f − fˆ∥∥∥ ♣❛r❛ t♦❞♦ f ∈ S✳ ❈♦♠♦ C(M) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤
♥♦ r❡✢❡①✐✈♦✱ ❡❧ ❚❡♦r❡♠❛ ✷✳✶✸ ♥♦ ♣✉❡❞❡ ❛♣❧✐❝❛rs❡ ❞✐r❡❝t❛♠❡♥t❡✱ s✐♥ ❡♠❜❛r❣♦ s❡ ♣r❡s❡♥t❛ ❡❧
s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳
❚❡♦r❡♠❛ ✷✳✶✹✳ ❙❡❛ S ⊆ C(M) ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱ ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦✱ t❛❧ q✉❡ ♣❛r❛
❝✉❛❧q✉✐❡r f˜ ∈ S ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r S − {f˜} = {f − f˜/f ∈ S} ❡s r❡✢❡①✐✈♦✳ ❊♥t♦♥❝❡s
S ❡s ✉♥ ❝♦♥❥✉♥t♦ ♣r♦①✐♠✐♥❛❧✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛♥ f˜ ∈ S ② fˆ ∈ C(M) ✜❥♦✱ t❡♥❡♠♦s
ı´nf
f∈S
∥∥∥f − fˆ∥∥∥ = ı´nf
f∈S
∥∥∥f − f˜ − (fˆ − f˜)∥∥∥
= ı´nf
f∈S−{f˜}
∥∥∥f − (fˆ − f˜)∥∥∥ ✭✷✳✺✮
❙❡❛ V ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r f˜−fˆ ② S−{f˜}✳ P♦r ❤✐♣ót❡s✐s S−{f˜} ❡s r❡✢❡①✐✈♦✱ ❛sí t❡♥❡♠♦s
q✉❡ V ❡s r❡✢❡①✐✈♦ ✭♣✉❡st♦ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ✈❡❝t♦r f˜ − fˆ ❡s ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧✱
♣♦r t❛♥t♦ r❡✢❡①✐✈♦✮✳ ❈♦♠♦ S ❡s ❝❡rrr❛❞♦ ② ❝♦♥✈❡①♦✱ S − {f˜} ❡s ❝❡rr❛❞♦ ② ❝♦♥✈❡①♦✳ ❆sí ♣♦r ❡❧
❚❡♦r❡♠❛ ✷✳✶✸ S − {fˆ} ❡s ♣r♦①✐♠✐♥❛❧ ② ♣♦r ❧❛ ✐❞❡♥t✐❞❛❞ ✭✷✳✺✮✱ S ❡s ♣r♦①✐♠✐♥❛❧ ② ❞✐❝❤♦ ♣✉♥t♦
♠í♥✐♠♦ ♣❡rt❡♥❡❝❡ ❛ S✳

❖❜s❡r✈❛❝✐ó♥✳
❊♥ ❣❡♥❡r❛❧ ❡❧ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r S − {f˜} ❡s ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧ ② ♣♦r t❛♥t♦ r❡✢❡①✐✈♦✱
❡①✐st✐❡♥❞♦ ❡❧ ❝❛s♦ ❡♥ q✉❡ S s❡❛ ✉♥ s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r ❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ✜♥✐t❛s
❞❡ ❡❧❡♠❡♥t♦s ❞❡ C(M)✱ t❛❧❡s ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ s✐ t♦♠❛♠♦s M = [a, b]✱ q✉❡ s❡rá♥ ❝♦♠❜✐♥❛✲
❝✐♦♥❡s ❧✐♥❡❛❧❡s ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❧❛ ❢♦r♠❛ fn(t) = tn✳ P❛r❛ ❡st❡ ú❧t✐♠♦ ❝❛s♦✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡
❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❈❤❡❜②s❤❡✈✱ ♣♦s❡❡ ✉♥❛ s♦❧✉❝✐ó♥✳
✷✳✺✳ ❆♣❧✐❝❛❝✐ó♥ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧ ó♣t✐♠♦
❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❡❧ ❚❡♦r❡♠❛ ✷✳✽ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡❧ ❈♦♥tr♦❧ Ó♣t✐♠♦✳ ❊♥ ♣r✐♥❝✐♣✐♦
♠♦str❛r❡♠♦s ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❈♦♥tr♦❧ Ó♣t✐♠♦ q✉❡ ♥♦ ♣♦s❡❡ s♦❧✉❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦


x′(t) = −u2(t) ❝✳t✳♣ ❡♥ [0, 1]
x(0) = 1
x(1) = 0
✭✷✳✻✮
❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥tr♦❧ u ∈ L2[0, 1]✳ ❙❛❜❡♠♦s q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✻✮ ✈✐❡♥❡ ❞❛❞❛
♣♦r
✷✾
x(t) = c−
ˆ t
0
u2(s)ds t ∈ [0, 1]
P♦r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❞❛❞❛s ❡♥ ✭✷✳✻✮✱ ♦❜t❡♥❡♠♦s
x(0) = 1 =⇒ 1 = c− 0
=⇒ c = 1
❈♦♥ ❧♦ ❝✉❛❧ x(t) = 1− ´ t0 u2(s)ds✳ P♦r ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ t❡♥❡♠♦s
x(1) = 0 =⇒ 1−
ˆ 1
0
u2(s)ds = 0
=⇒
ˆ 1
0
u2(s)ds = 1 ✭✷✳✼✮
❈♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐♦♥❛❧ f(u) =
´ 1
0 t
2u2(t)dt ♣❛r❛ ❝❛❞❛ u ∈ L2(0, 1) ② ❡❧ ❝♦♥❥✉♥t♦ S ❞❡✜♥✐❞♦
♣♦r
S =
{
u ∈ L2(0, 1)/
ˆ 1
0
u2(s)ds = 1
}
❡s ❞❡❝✐r✱ S ❡s ❧❛ ❡s❢❡r❛ ✉♥✐t❛r✐❛ ❡♥ L2(0, 1)✳ ❈♦♠♦ t2u2(t) ≥ 0 ♣❛r❛ t♦❞♦ t ∈ [0, 1]✱ t❡♥❡♠♦s
q✉❡
´ 1
0 t
2u2(t)dt ≥ 0✱ ❛sí ı´nf
u∈S
f(u) ≥ 0✳
❙❡❛ ❧❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❛❞♠✐s✐❜❧❡s (un)n∈N ❞❛❞❛ ♣♦r
un(t) =


n, ❝✳t✳♣ ❡♥ [0,
1
n2
),
0, ❝✳t✳♣ ❡♥ [
1
n2
, 1]
❙✐ n ∈ N ❡♥t♦♥❝❡s
‖un‖2L2(0,1) =
ˆ 1
0
u2n(t)dt
=
ˆ 1
n2
0
n2dt = 1
❆sí✱ un ∈ S ♣❛r❛ t♦❞♦ n ∈ N✳ P♦r ♦tr❛ ♣❛rt❡✱ t❡♥❡♠♦s
f(un) =
ˆ 1
0
t2u2n(t)dt
=
ˆ 1
n2
0
t2n2dt =
1
3n4
② ❛❞❡♠ás
✸✵
l´ım
n→∞
f(un) = l´ım
n→∞
1
3n4
= 0 = ı´nf
u∈S
f(u)
❙✉♣♦♥❣❛♠♦s q✉❡ f ♣♦s❡❛ ✉♥ ♠✐♥✐♠✐③❛♥t❡ u¯ ∈ S✱ ❡♥t♦♥❝❡s f(u¯) = 0✱ ❡s ❞❡❝✐r ´ 10 t2u¯2(t)dt = 0✳
❈♦♠♦ t2u2(t) ≥ 0 ❡♥t♦♥❝❡s u¯(t) = 0 ❝✳t✳♣ ❡♥ [0, 1]✱ ❛sí u¯ = 0 ❡♥ L2(0, 1) ❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥
❡❧ ❤❡❝❤♦ q✉❡ u¯ ∈ S✳ P♦r ❧♦ t❛♥t♦ f ♥♦ ♣♦s❡❡ ♣✉♥t♦ ♠✐♥✐♠✐③❛♥t❡ ❡♥ S✳
❱❡❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✉♥ ♣r♦❜❧❡♠❛ ❡s♣❡❝✐❛❧ ❞❡ ❈♦♥tr♦❧ Ó♣t✐♠♦ ❜❛❥♦ ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s✳
❙❡❛♥ A ∈ Rn×n✱ B ∈ Rn×m ② x0 ∈ Rn✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s


.
x = Ax(t) +Bu(t) ❝✳t✳♣ ❡♥ [t0, t1]
x(t0) = x0
✭✷✳✽✮
❞♦♥❞❡ −∞ < t0 < t1 < +∞ ② x(t) ∈ Rn ♣❛r❛ ❝❛❞❛ t ∈ [t0, t1]✱ ❡❧ ✈❡❝t♦r s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛
✭✷✳✽✮✳ ❙❡❛ u ∈ L2m[t0, t1] ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥tr♦❧✱ ❞♦♥❞❡
L2m[t0, t1] =
{
w = (w1(t), w2(t), · · · , wm(t))/wi ∈ L2(t0, t1)
}
▲❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ✭✷✳✽✮ ✈✐❡♥❡ ❞❛❞❛ ♣♦r
x(t) = x0 +
ˆ t
t0
e(t−s)ABu(s)ds
❞♦♥❞❡ eA ❡s ❧❛ ♠❛tr✐③ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ A ② ❧❛ ✐♥t❡❣r❛❧ ❡♥ ❡❧ s❡♥t✐❞♦ ❝♦♠♣♦♥❡♥t❡ ❛ ❝♦♠♣♦♥❡♥t❡✳
❉❡✜♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❛❞♠✐s✐❜❧❡
S =
{
u ∈ L2m[t0, t1]/ ‖u(t)‖ ≤ 1 ❝✳t✳♣ ❡♥ [t0, t1]
}
✭✷✳✾✮
❞♦♥❞❡ ‖·‖ ❞❡♥♦t❛ ❧❛ l2−♥♦r♠❛ ❡♥ Rn✳ ❉❡✜♥✐♠♦s ❡❧ ❢✉♥❝✐♦♥❛❧
f : S −→ R
u −→ f(u) =
ˆ t1
t0
g(x(t)) + h(u(t))dt ✭✷✳✶✵✮
❞♦♥❞❡ g : Rn −→ R✱ h : Rm −→ R ② ❡❧ ✈❡❝t♦r x(t) ❡s s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✽✮✳ ❊❧ ♣r♦❜❧❡✲
♠❛ ♣❧❛♥t❡❛❞♦ ❡s ❡st❛❜❧❡❝❡r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ❞❡ f s♦❜r❡ S✳ ❊❧ s✐❣✉✐❡♥t❡
❚❡♦r❡♠❛ ♠✉❡str❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ t❛❧❡s ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s✳
✸✶
❚❡♦r❡♠❛ ✷✳✶✺✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥
mı´n
u∈S
f(u) ✭✷✳✶✶✮
❞♦♥❞❡ S✱ f ✈✐❡♥❡♥ ❞❛❞❛s ♣♦r ✭✷✳✾✮ ② ✭✷✳✶✵✮ r❡s♣❡❝t✐✈❛♠❡♥t❡ ② x(t) ❞❛❞♦ ♣♦r ❡❧ s✐st❡♠❛ ✭✷✳✽✮✳
❙✉♣♦♥❣❛♠♦s q✉❡✿
✭✐✮ g ❡s ❝♦♥✈❡①❛ ② ❝♦♥t✐♥✉❛✳
✭✐✐✮ h ❡s ❝♦♥✈❡①❛✱ ❝♦♥t✐♥✉❛ ② ▲✐♣s❝❤✐t③✐❛♥❛ ❡♥ ❧❛ ❜♦❧❛ ❝❡rr❛❞❛ ✉♥✐t❛r✐❛ ❞❡ Rm✳
❊♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ✭✷✳✶✶✮ ❛❞♠✐t❡ ✉♥❛ s♦❧✉❝✐ó♥ ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ X = L2m[t0, t1]✳ ❈♦♠♦ X ❡s ❞❡ ❍✐❧❜❡rt✱ ❡♥t♦♥❝❡s ❡s ❇❛♥❛❝❤ r❡✢❡①✐✈♦✳ ❙✐❡♥❞♦ S ❧❛ ❜♦❧❛
✉♥✐t❛r✐❛ ❡♥ L2m[t0, t1] ❡♥t♦♥❝❡s S ❡s ❝❡rr❛❞♦✱ ❝♦♥✈❡①♦ ② ❛❝♦t❛❞♦✳ ❱❡❛♠♦s q✉❡ ❧❛ ❢✉♥❝✐♦♥❛❧ f ❡s
❝✉❛s✐❝♦♥✈❡①❛ ② ❝♦♥t✐♥✉❛✳ ❊♥ ❡❢❡❝t♦✿
 f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳
❉❡✜♥✐♠♦s
L : S −→ ACn[t0, t1]
u −→ L(u(t)) =
ˆ t
t0
e(t−s)ABu(s)ds
❞♦♥❞❡ ACn[t0, t1] ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ✈❡❝t♦r✐❛❧❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥t✐♥✉❛s ❞❡
[t0, t1] ❡♥ Rn✱ ❞♦t❛❞♦ ❝♦♥ ❧❛ ♥♦r♠❛ ❞❡❧ ♠á①✐♠♦✳
❆✜r♠❛♠♦s q✉❡ L(λu1 + (1− λ)u2)(t) = λL(u1(t)) + (1− λ)L(u2(t))✳ ❙❡❛♥ u1, u2 ∈ S ②
λ ∈ [0, 1]✱ t❡♥❡♠♦s
L(λu1 + (1− λ)u2)(t) =
ˆ t
t0
e(t−s)AB (λu1(s) + (1− λ)u2(s)) ds
=
ˆ t
t0
λe(t−s)ABu1(s) + (1− λ)e(t−s)ABu2(s)ds
= λ
ˆ t
t0
e(t−s)ABu1(s) + (1− λ)
ˆ t
t0
e(t−s)ABu2(s)ds
= λL(u1(t)) + (1− λ)L(u2(t)) ✭✷✳✶✷✮
r❡s✉❧t❛♥❞♦ ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳ ❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✷✳✶✷✮✱ ♦❜t❡♥❡♠♦s ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ g
✸✷
g(x0 + L(λu1 + (1− λ)u2)(t)) = g(x0 + λL(u1(t)) + (1− λ)L(u2(t)))
= g(λ{x0 + L(u1(t))}+ (1− λ){x0 + L(u2(t)}) ✭✷✳✶✸✮
≤ λg(x0 + λL(u1(t))) + (1− λ)g(x0 + L(u2(t)))
▼♦str❛♥❞♦ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐♦♥❛❧ g(x0 + L(·))✳
❆✜r♠❛♠♦s q✉❡ Sα = {u ∈ S/f(u) ≤ α} ❡s ❝♦♥✈❡①♦✱ ♣❛r❛ ❝❛❞❛ α ∈ R✳
❊♥ ❡❢❡❝t♦✱ t♦♠❡♠♦s u1, u2 ∈ Sα ② λ ∈ [0, 1]✳ P♦r ✭✷✳✶✸✮ ② ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s
g ② h t❡♥❡♠♦s
f(λu1 + (1− λ)u2) =
ˆ t1
t0
g(x0 + λL(u1(t)) + (1− λ)L(u2(t)))
+ h(λu1(t) + (1− λ)u2(t))dt
≤
ˆ t1
t0
λg(x0 + L(u1(t))) + (1− λ)g(x0 + L(u2(t)))
+ λh(u1(t)) + (1− λ)h(u2(t))dt
= λ
ˆ t1
t0
g(x0 + L(u1(t))) + h(u1(t))dt+
(1− λ)
ˆ t1
t0
g(x0 + L(u2(t))) + h(u2(t))dt
= λf(u1) + (1− λ)f(u2)
▼♦str❛♥❞♦ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐♦♥❛❧ f ✳ ▲✉❡❣♦ ♣♦r ❡❧ ▲❡♠❛ ✶✳✸✼✱ Sα ❡s ❝♦♥✈❡①♦ ②
♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✽ t❡♥❡♠♦s q✉❡ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳
 f ❡s ❝♦♥t✐♥✉❛
P❛r❛ ❝❛❞❛ u ∈ S t❡♥❡♠♦s ♣♦r ❞❡✜♥✐❝✐ó♥ ❞❡ L ② ❧❛ ♥♦r♠❛ L2m[t0, t1]
‖L(u)‖ACn[t0,t1] =
∥∥∥∥
ˆ t
t0
e(t−s)ABu(s)ds
∥∥∥∥
ACn[t0,t1]
≤ C ‖u‖L2m[t0,t1] ✭✷✳✶✹✮
❞♦♥❞❡ C > 0 ❡st❛ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ♥♦r♠❛s ♠❛tr✐❝✐❛❧❡s ‖A‖ ② ‖B‖✳
❙❡❛♥ u¯ ∈ S ② ✉♥❛ s✉❝❡s✐ó♥ (un)n∈N ⊆ S t❛❧❡s q✉❡ un −→ u¯ s✐ n→∞✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥
❞❡ f t❡♥❡♠♦s
✸✸
f(un)− f(u¯) =
ˆ t1
t0
g(x0 + L(un(t)) + h(un(t))dt−
ˆ t1
t0
g(x0 + L(u¯(t)) + h(u¯(t))dt
=
ˆ t1
t0
g(x0 + L(un(t))− g(x0 + L(u¯(t))dt+
ˆ t1
t0
h(un(t))− h(u¯(t))dt
✭✷✳✶✺✮
P♦r ✭✷✳✶✹✮ ② ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐ó♥ g t❡♥❡♠♦s
‖L(un − u¯)‖ACn[t0,t1] ≤ C ‖un − u¯‖Lm2 [t0,t1] ✭✷✳✶✻✮
|g(x0 + L(un)(t))− g(x0 + L(u¯)(t))| ≤ L0C ‖un − u¯‖Lm2 [t0,t1] ✭✷✳✶✼✮
❞♦♥❞❡ L0 ❡s ✉♥❛ ❝♦♥st❛♥t❡ ❧♦❝❛❧ ❞❡ ▲✐♣s❝❤✐t③✳
❙✐ n→∞ ❡♥ ✭✷✳✶✼✮ t❡♥❡♠♦s q✉❡ g(x0+L(un)(t) −→ g(x0+L(u¯)(t)✳ P♦r ♦tr❛ ♣❛rt❡✱ ❝♦♠♦
‖un‖Lm2 [t0,t1] ≤ 1 ② ‖u¯‖Lm2 [t0,t1] ≤ 1✱ t❡♥❡♠♦s q✉❡ ❡❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
✭✷✳✶✼✮ ❡s ❛❝♦t❛❞♦✳ ▲✉❡❣♦ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞♦♠✐♥❛❞❛ ✭❱❡r ❏♦st ❬✾❪✱ ♣❛❣✳
✷✵✾✱ ❚❡♦r❡♠❛ ✶✻✳✺✮ ♦❜t❡♥❡♠♦s ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛
ˆ t1
t0
g(x0 + L(un)(t))dt −→
ˆ t1
t0
g(x0 + L(u¯)(t))dt, s✐ n→∞
❡s ❞❡❝✐r
ˆ t1
t0
g(x0 + L(un(t))− g(x0 + L(u¯(t))dt −→ 0, s✐ n→∞ ✭✷✳✶✽✮
❈♦♠♦ h ❡s ▲✐♣s❝❤✐t③✐❛♥❛✱ t❡♥❡♠♦s ♣❛r❛ ❧❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❞❡ ✭✷✳✶✺✮
ˆ t1
t0
|h(un(t))− h(u¯(t))| dt ≤ C1
ˆ t1
t0
‖un(t)− u¯(t)‖ dt
≤ C1 ‖un(t)− u¯(t)‖Lm2 [t0,t1] ✭✷✳✶✾✮
❚♦♠❛♥❞♦ n→∞ ❡♥ ✭✷✳✶✾✮ t❡♥❡♠♦s
ˆ t1
t0
|h(un(t))− h(u¯(t))| dt −→ 0 ✭✷✳✷✵✮
❉❡ ✭✷✳✶✺✮✱ ✭✷✳✶✽✮ ② ✭✷✳✷✵✮ t❡♥❡♠♦s q✉❡ f(un) −→ f(u¯) s✐ n → ∞✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✶✶
f ❡s ❝♦♥t✐♥✉❛ ❡♥ u¯✱ ♣♦r ❧♦ t❛♥t♦ f ❡s ❝♦♥t✐♥✉❛ ❡♥ S✳
❆sí✱ f ❡s ❝♦♥t✐♥✉❛ ② ❝✉❛s✐❝♦♥✈❡①❛ ② s✐❡♥❞♦ S ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✱ ❛❝♦t❛❞♦✱ ❝♦♥✈❡①♦ ② ❝❡rr❛❞♦
❡♥ ❡❧ ❡s♣❛❝✐♦ r❡✢❡①✐✈♦ Lm2 [t0, t1]✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✽ ❡①✐st❡ u˜ ∈ S t❛❧ q✉❡ f(u˜) = mı´n
u∈S
F (u)✳

✸✹
❈❛♣ít✉❧♦ ✸
❈♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞
❞✐❢❡r❡♥❝✐❛❜❧❡ ② ♥♦ ❞✐❢❡r❡♥❝✐❛❜❧❡
❊♥ ❡st❡ ❝❛♣ít✉❧♦ r❡✈✐s❛r❡♠♦s ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧✱ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❋ré❝❤❡t
② ●❛t❡❛✉① ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✳ ❆s✐♠✐s♠♦✱ ❡❧ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❡♣t♦ ❞❡❧ s✉❜❣r❛❞✐❡♥t❡ ❞❡ ✉♥❛
❢✉♥❝✐♦♥❛❧✱ ❡st❛❜❧❡❝✐❡♥❞♦ ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s ♣❛r❛ ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s✳
✸✳✶✳ ❉❡r✐✈❛❞❛s ❞✐r❡❝❝✐♦♥❛❧❡s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s
❉❡✜♥✐❝✐ó♥ ✸✳✶✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳ ❙❡❛♥ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❉❡❝✐♠♦s q✉❡ f ❡s ❞❡r✐✈❛❜❧❡ ❡♥ x¯ ∈ S ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ h ∈ X✱ s✐ ❡①✐st❡ ❡❧ ❧í♠✐t❡
f ′(x¯)h := l´ım
λ→0+
1
λ
{f(x¯+ λh)− f(x¯)}
❉❡❝✐♠♦s q✉❡ f ❡s ❞✐r❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ s✐ ❡❧ ❧í♠✐t❡ ❛♥t❡r✐♦r ❡①✐st❡ ♣❛r❛ t♦❞♦
h ∈ X✳
❖❜s❡r✈❛❝✐♦♥❡s✳
✭✐✮ ❙✐ h = 0 ❡♥t♦♥❝❡s f ′(x¯)h = 0✱ ♣❛r❛ t♦❞♦ x¯ ∈ S✳
✭✐✐✮ ❊♥ tér♠✐♥♦s s❡❝✉❡♥❝✐❛❧❡s s✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ s✉❝❡s✐ó♥ (λn) ⊆ R+ ❡♥t♦♥❝❡s x¯+λnh ∈ S
♣❛r❛ t♦❞♦ n ∈ N✱ ♣r♦❜❧❡♠❛ q✉❡ s❡ ❡✈✐t❛ s✐ S = X✳
❊❥❡♠♣❧♦✳
❙❡❛ ❧❛ ❢✉♥❝✐ó♥ f : R2 −→ R ❞❡✜♥✐❞❛ ♣♦r
f(x1, x2) =


x21 +
x21
x2
, s✐ x2 6= 0
0, s✐ x2 = 0
✸✺
❊✈✐❞❡♥t❡♠❡♥t❡ f ♥♦ ❡s ❝♦♥t✐♥✉❛ ❡♥ (0, 0)✳ ❙❡❛ h = (h1, h2) ∈ R2 ✉♥❛ ❞✐r❡❝❝✐ó♥ ❛r❜✐tr❛r✐❛✳
❙✐ h2 6= 0 ❡♥t♦♥❝❡s
f ′(0R2)(h1, h2) = l´ım
λ→0+
1
λ
f(λ(h1, h2))
= l´ım
λ→0+
1
λ
{
(λh1)
2 +
(λh1)
2
λh2
}
= l´ım
λ→0+
λh21 +
h21
h2
=
h21
h2
❙✐ h2 = 0 t❡♥❡♠♦s
f ′(0R2)(h1, h2) = l´ım
λ→0+
1
λ
f(λh1, 0)
= l´ım
λ→0+
1
λ
{0} = 0
P♦r ❧♦ t❛♥t♦
f ′(0R2)(h1, h2) =


h21
h2
, s✐ h2 6= 0
0, s✐ h2 = 0
❖❜s❡r✈❡♠♦s ❡♥ ❡st❡ ❡❥❡♠♣❧♦ q✉❡ f ′(0R2) ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛ ② ♥♦ ❧✐♥❡❛❧✳
▲❡♠❛ ✸✳✷✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❙✐ x¯
② h ♣❡rt❡♥❡❝❡♥ ❛ X✱ ❡♥t♦♥❝❡s ❧❛ ❢✉♥❝✐ó♥
ϕ : R+ \ {0} −→ R
λ −→ ϕ(λ) = 1
λ
{f(x¯+ λh)− f(x¯)}
❡s ♠♦♥ót♦♥❛ ❝r❡❝✐❡♥t❡✱ ❡s ❞❡❝✐r s✐ 0 < s ≤ t ❡♥t♦♥❝❡s ϕ(s) ≤ ϕ(t)✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛♥ 0 < s ≤ t✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f t❡♥❡♠♦s
f(x¯+ sh)− f(x¯) = f
(
s
t
(x¯+ th)− t− s
t
x¯
)
− f(x¯)
≤ s
t
f(x¯+ th) +
t− s
t
f(x¯)− f(x¯)
=
s
t
{f(x¯+ th)− f(x¯)}
❆sí✱ ♦❜t❡♥❡♠♦s
✸✻
f(x¯+ sh)− f(x¯)
s
≤ f(x¯+ th)− f(x¯)
t
P♦r ❧♦ t❛♥t♦ ϕ(s) ≤ ϕ(t)✳

▲❡♠❛ ✸✳✸✳ ❙❡❛♥ X ⊆ R ② f : X −→ R ✉♥❛ ❢✉♥❝✐ó♥ ♠♦♥ót♦♥❛ ② ❛❝♦t❛❞❛✳ ❙✐ a ∈ X ′+
✭❡❧ ❝♦♥❥✉♥t♦ ❞❡r✐✈❛❞♦ ❧❛t❡r❛❧ ❞❡r❡❝❤♦ ❞❡ X ❞❡✜♥✐❞♦ ♣♦r X
′
+ = {a ∈ R/(a, a + ǫ) ∩ X 6=
∅ ♣❛r❛ t♦❞♦ ε > 0}✮ ❡♥t♦♥❝❡s ❡①✐st❡ l´ım
x→a+
f(x)✳
❉❡♠♦str❛❝✐ó♥✳ ❱❡r ▲✐♠❛ ❬✶✷❪ ✭♣❛❣✳ ✶✻✼✱ ❚❡♦r❡♠❛ ✶✷ ✮✳

▲❡♠❛ ✸✳✹✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ P❛r❛
❝❛❞❛ x¯ ∈ X✱ ❞❛❞❛ ❝✉❛❧q✉✐❡r ❞✐r❡❝❝✐ó♥ h ∈ X✱ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ f ′(x¯)h✱ ❡s ❞❡❝✐r f
❡s ❞✐r❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ X✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛♥ x¯, h ∈ X✳ ❉❡✜♥✐♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ϕ : R+ −→ R ♣♦r
ϕ(λ) =
1
λ
{f(x¯+ λh)− f(x¯)}
P❛r❛ λ > 0 ♦❜t❡♥❡♠♦s ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f
f(x¯) = f
(
1
1 + λ
(x¯+ λh) +
λ
1 + λ
(x¯− h)
)
≤ 1
1 + λ
f(x¯+ λh) +
λ
1 + λ
f(x¯− h) ✭✸✳✶✮
▲✉❡❣♦✱ ❞❡ ✭✸✳✶✮ t❡♥❡♠♦s
(1 + λ)f(x¯) ≤ f(x¯+ λh) + λf(x¯− h)
❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ tr❛♥s♣♦♥✐❡♥❞♦ tér♠✐♥♦s ❝♦♥s❡❣✉✐♠♦s
f(x¯)− f(x¯− h) ≤ 1
λ
{f(x¯+ λh)− f(x¯)} ✭✸✳✷✮
= ϕ(λ)
❈♦♠♦ ❡❧ ♣r✐♠❡r ♠✐❡♠❜r♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✮ ♥♦ ❞❡♣❡♥❞❡ ❞❡ λ✱ t❡♥❡♠♦s q✉❡ ϕ ❡s ❛❝♦t❛❞❛
✐♥❢❡r✐♦r♠❡♥t❡✱ ❛❞❡♠ás ♣♦r ❡❧ ▲❡♠❛ ✸✳✷ ❡s ♠♦♥ót♦♥❛ ❝r❡❝✐❡♥t❡✳ ❆sí ♣♦r ❡❧ ▲❡♠❛ ✸✳✸ ❡①✐st❡
l´ım
λ→0+
ϕ(λ)✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✶✱ ❡①✐st❡ f ′(x¯)h ♣❛r❛ t♦❞♦ x¯ ② h ❡♥ X✳

✸✼
▲❡♠❛ ✸✳✺✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❊♥t♦♥❝❡s
♣❛r❛ ❝❛❞❛ x¯ ∈ X✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥
f ′(x¯) : X −→ R
h −→ f ′(x¯)h
❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛❧✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❡❧ ▲❡♠❛ ✸✳✹ ❡①✐st❡ f ′(x¯)h ♣❛r❛ t♦❞♦ x¯, h ∈ X✳ ❖❜s❡r✈❡♠♦s q✉❡ f ′(x¯)0X = 0 ② ❡♥ ❝♦♥s❡✲
❝✉❡♥❝✐❛ f ′(x¯)(α0X) = 0 ♣❛r❛ t♦❞♦ α > 0✳ ❙✐ h ∈ X ② α > 0 ❡♥t♦♥❝❡s
f ′(x¯)(αh) = l´ım
λ→0+
1
λ
{f(x¯+ λαh)− f(x¯)}
= α l´ım
λ→0+
1
αλ
{f(x¯+ λαh)− f(x¯)}
= αf ′(x¯)h
▼♦str❛♥❞♦ ❛sí q✉❡ f ′(x¯)(αh) = αf ′(x¯)h ♣❛r❛ ❝❛❞❛ h ∈ X ② α > 0✳
❙❡❛♥ h1, h2 ∈ X ② α > 0✱ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f t❡♥❡♠♦s
f(x¯+ λ(h1 + h2)) = f
(
1
2
(x¯+ 2λh1) +
1
2
(x¯+ 2λh2)
)
≤ 1
2
f(x¯+ 2λh1) +
1
2
f(x¯+ 2λh2) ✭✸✳✸✮
▲✉❡❣♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✮ ② ❛❣r❡❣❛♥❞♦ ❡❧ tér♠✐♥♦ −f(x¯) ❛ ❛♠❜♦s ♠✐❡♠❜r♦s✱ ♦❜t❡♥❡♠♦s
f(x¯+ λ(h1 + h2))− f(x¯) ≤ 1
2
f(x¯+ 2λh1)− 1
2
f(x¯) +
1
2
f(x¯+ 2λh2)− 1
2
f(x¯) ✭✸✳✹✮
▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✹✮ ♣♦r
1
λ
❛ ❛♠❜♦s ♠✐❡♠❜r♦s✱ r❡s✉❧t❛
1
λ
{f(x¯+ λ(h1 + h2))− f(x¯)} ≤ 1
2λ
{f(x¯+ 2λh1)− f(x¯)}
+
1
2λ
{f(x¯+ 2λh2)− f(x¯)} ✭✸✳✺✮
❚♦♠❛♥❞♦ ❧í♠✐t❡ ❡♥ ✭✸✳✺✮ ❝✉❛♥❞♦ λ→ 0+✱ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✶ ❧♦❣r❛♠♦s
✸✽
f ′(x¯)(h1 + h2) ≤ f ′(x¯)(h1) + f ′(x¯)(h2)
❉❡♠♦str❛♥❞♦ ❛sí ❧❛ s✉❜❧✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ f ′(x¯)✳

❖❜s❡r✈❛❝✐ó♥✳
❙✐ ✉♥❛ ❢✉♥❝✐♦♥❛❧ f ♥♦ ❡st❛ ❞❡✜♥✐❞❛ ❡♥ t♦❞♦ ❡❧ ❡s♣❛❝✐♦ X✱ t❛♥ só❧♦ ❡st❛ ❞❡✜♥✐❞❛ ❡♥ ✉♥ s✉❜❝♦♥✲
❥✉♥t♦ ♥♦ ✈❛❝í♦ S✱ r❡q✉❡r✐♠♦s q✉❡ x¯ + λ(x − x¯) ∈ S ♣❛r❛ ✉♥ λ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦
❛ ✜♥ ❞❡ ❡♥❝♦♥tr❛r ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❞❡ f ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ x − x¯✳ ●r❛❝✐❛s ❛ ❧❛ ❉❡✜♥✐❝✐ó♥
✶✳✷✼ ❡s s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ❛ S ❝♦♠♦ ✉♥ ❝♦♥❥✉♥t♦ ❡str❡❧❧❛❞♦✳
❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♥♦s ♠✉❡str❛ ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞ ♣❛r❛ ❢✉♥❝✐♦♥❛❧❡s ❞✐r❡❝❝✐♦✲
♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s✳
❚❡♦r❡♠❛ ✸✳✻✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦ ② f : S −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙❡ ❝✉♠♣❧❡♥✿
✭✐✮ ❙✐ x¯ ∈ S ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S ② ❧❛ ❢✉♥❝✐♦♥❛❧ f ♣♦s❡❡ ❞❡r✐✈❛❞❛s ❞✐r❡❝❝✐♦♥❛❧❡s ❡♥ x¯
r❡s♣❡❝t♦ ❛ t♦❞❛ ❞✐r❡❝❝✐ó♥ x− x¯ (x ∈ S)✱ ❡♥t♦♥❝❡s f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳
✭✐✐✮ ❙✉♣♦♥❣❛♠♦s q✉❡ S ❡s ❝♦♥✈❡①♦ ② f ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❙✐ f ♣♦s❡❡ ❞❡r✐✈❛❞❛s ❞✐r❡❝✲
❝✐♦♥❛❧❡s ❡♥ x¯ ❡♥ t♦❞❛ ❞✐r❡❝❝✐ó♥ x − x¯ (x ∈ S) ② s❡ s❛t✐s❢❛❝❡ q✉❡ f ′(x¯)(x − x¯) ≥ 0 ♣❛r❛
t♦❞♦ x ∈ S ❡♥t♦♥❝❡s x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
(i) ❙❡❛ x ∈ S✳ ❈♦♠♦ f ❡s ❞✐r❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ x− x¯ t❡♥❡♠♦s
f ′(x¯)(x− x¯) = l´ım
λ→0+
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)}
❆❞❡♠ás✱ ♣♦r ❤✐♣ót❡s✐s x¯ ❡s ♣✉♥t♦ ♠✐♥✐♠✐③❛♥t❡ ❞❡ f ❡♥ S✱ ❡s ❞❡❝✐r ❡①✐st❡ λ0 > 0 t❛❧ q✉❡
f(x¯+λ(x−x¯)) ≥ f(x¯) ♣❛r❛ t♦❞♦ λ ∈ (0, λ0)✳ ●r❛❝✐❛s ❛ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞✱ s✐ λ→ 0+ ♦❜t❡♥❡♠♦s
f ′(x¯)(x− x¯) = l´ım
λ→0+
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)}
≥ 0
❈♦♥ ❧♦ ❝✉❛❧ f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳
(ii) ❙❡❛♥ x ∈ S ② 0 ≤ λ ≤ 1✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ② S t❡♥❡♠♦s
f(x¯+ λ(x− x¯)) = f(λx+ (1− λ)x¯)
≤ λf(x) + (1− λ)f(x¯)
✸✾
❖❜t❡♥✐❡♥❞♦ ❞❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞
f(x¯+ λ(x− x¯))− f(x¯) ≤ λf(x)− λf(x¯) ✭✸✳✻✮
❚r❛♥s♣♦♥✐❡♥❞♦ ❧♦s tér♠✐♥♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❡♥ ✭✸✳✻✮✱ ❧♦❣r❛♠♦s
f(x)− f(x¯) ≥ 1
λ
{f(x¯+ λ(x− x¯))− f(x¯)}
❚♦♠❛♥❞♦ ❡❧ ❧í♠✐t❡ ❝✉❛♥❞♦ λ→ 0+ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ② ♣♦r ❤✐♣ót❡s✐s ♦❜t❡♥❡♠♦s
f(x)− f(x¯) ≥ l´ım
λ→0+
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)}
= f ′(x¯)(x− x¯) ≥ 0
P♦r ❧♦ t❛♥t♦✱ f(x) ≥ f(x¯) ♣❛r❛ t♦❞♦ x ∈ S ♦❜t❡♥✐❡♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

✸✳✷✳ ❋✉♥❝✐♦♥❛❧❡s ●❛t❡❛✉① ② ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s
❉❡✜♥✐❝✐ó♥ ✸✳✼✳ ❙❡❛♥ (X, ‖ ‖X) ❡ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦
❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ② f : S −→ Y ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❉❡❝✐♠♦s q✉❡ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥
x¯ ∈ S s✐ ❧❛ ❛♣❧✐❝❛❝✐ó♥
f ′(x¯)h := l´ım
λ→0
1
λ
{f(x¯+ λh)− f(x¯)}
❡①✐st❡ ♣❛r❛ t♦❞♦ h ∈ X ② f ′(x¯) ∈ L(X,Y )✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ f ′(x¯) s❡ ❞❡♥♦♠✐♥❛ ❧❛ ❞❡r✐✈❛❞❛ ❞❡
●❛t❡❛✉① ❞❡ f ❡♥ x¯✳
❊❥❡♠♣❧♦s✳
 ❙❡❛♥ f : Rn −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝❧❛s❡ C1(Rn) ② x¯, h ∈ Rn✳ ❚❡♥❡♠♦s
f ′(x¯)h = l´ım
λ→0
1
λ
{f(x¯+ λh)− f(x¯)}
=
d
dλ
f(x¯+ λh) |λ=0
= ∇f(x¯+ λh)T .h |λ=0
= ∇f(x¯)T .h
♣❛r❛ t♦❞♦ h ∈ Rn✳ P♦r ❧♦ t❛♥t♦ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ Rn✳
✹✵
 ❙❡❛♥ (X, ‖ ‖X) ❡ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s ② l ∈ L(X,Y )✳ ❙✐ x¯, h ∈ X ❡♥t♦♥❝❡s
l′(x¯)h = l´ım
λ→0
1
λ
{l(x¯+ λh))− l(x¯)}
= l´ım
λ→0
1
λ
{l(λh)} = l(h)
❡s ❞❡❝✐r✱ l′(x¯)h = l(h) ♣❛r❛ t♦❞♦ h ∈ X✱ ♣♦r ❧♦ t❛♥t♦ l ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ②
l′(x¯) = l✳
❉❡✜♥✐❝✐ó♥ ✸✳✽✳ ❙❡❛♥ (X, ‖ ‖X) ❡ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦
❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ② f : S −→ Y ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❉❡❝✐♠♦s q✉❡ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥
x¯ ∈ S s✐ ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧ ❝♦♥t✐♥✉❛ f ′(x¯) : X −→ Y t❛❧ q✉❡
l´ım
‖h‖X→0
‖f(x¯+ h)− f(x¯)− f ′(x¯)h‖Y
‖h‖X
= 0
f ′(x¯✮ s❡rá ❧❧❛♠❛❞❛ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t ❞❡ f ❡♥ x¯✳
❉❡ ❛❝✉❡r❞♦ ❛ ❡st❛ ❞❡✜♥✐❝✐ó♥✱ ❞❡♥♦t❛r❡♠♦s
f(x¯+ h) = f(x¯) + f ′(x¯)h+ ◦(‖h‖X)
❞♦♥❞❡ ◦(‖h‖X) ♣♦s❡❡ ❧❛ ♣r♦♣✐❡❞❛❞
l´ım
‖h‖X→0
◦(‖h‖X)
‖h‖X
= 0Y
❊❥❡♠♣❧♦✳
❈♦♥s✐❞❡r❡♠♦s l : R3 −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥ r❡s♣❡❝t♦ ❛ s✉s tr❡s ✈❛r✐❛❜❧❡s ② ❝♦♥
❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❝♦♥t✐♥✉❛s ❝♦♥ r❡s♣❡❝t♦ ❛ s✉s ❞♦s ♣r✐♠❡r❛s ✈❛r✐❛❜❧❡s✳ ❙❡❛ ❧❛ ❢✉♥❝✐♦♥❛❧
(−∞ < a < b < +∞)
f : C1[a, b] −→ R
x −→ f(x) =
ˆ b
a
l(x(t), x′(t), t)dt
❙✐ x¯, h ∈ C1[a, b]✱ t❡♥❡♠♦s
f(x¯+ h)− f(x¯) =
ˆ b
a
l((x¯+ h)(t), (x¯+ h)′(t), t)dt−
ˆ b
a
l(x(t), x′(t), t)dt
=
ˆ b
a
l(x¯(t) + h(t), x¯′(t) + h′(t), t)dt−
ˆ b
a
l(x(t), x′(t), t)dt
✹✶
❈♦♠♦ l ♣♦s❡❡ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❝♦♥t✐♥✉❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛s ❞♦s ♣r✐♠❡r❛s ✈❛r✐❛❜❧❡s✱ t❡♥❡♠♦s
q✉❡
f(x¯+ h)− f(x¯) =
ˆ b
a
{
lx(x¯(t), x¯
′(t), t)h(t) + lx′(x¯(t), x¯
′(t), t)h′(t)
}
dt+ ◦(‖h‖C1[a,b])
P♦r ❧♦ t❛♥t♦✱ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ② ❛❞❡♠ás
f ′(x¯)h =
ˆ b
a
{
lx(x¯(t), x¯
′(t), t)h(t) + lx′(x¯(t), x¯
′(t), t)h′(t)
}
dt
❚❡♦r❡♠❛ ✸✳✾✳ ❙❡❛♥ (X, ‖ ‖X) ❡ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦
❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ② f : S −→ Y ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❙✐ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ S✱ ❡♥t♦♥❝❡s
f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ② ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ●❛t❡❛✉① ② ❋ré❝❤❡t ❝♦✐♥❝✐❞❡♥✳
❉❡♠♦str❛❝✐ó♥✳
❙✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ S✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✽ t❡♥❡♠♦s
l´ım
λ→0
‖f(x¯+ λh)− f(x¯)− f ′(x¯)(λh)‖Y
‖λh‖X
= 0 ♣❛r❛ t♦❞♦ h ∈ X \ {0}
❆sí✱
l´ım
λ→0
1
|λ|
∥∥f(x¯+ λh)− f(x¯)− f ′(x¯)(λh)∥∥
Y
= 0 ♣❛r❛ t♦❞♦ h ∈ X \ {0}
=⇒ l´ım
λ→0
1
λ
{
f(x¯+ λh)− f(x¯)− f ′(x¯)(λh)} = 0 ♣❛r❛ t♦❞♦ h ∈ X \ {0} ✭✸✳✼✮
❈♦♠♦ f ′(x¯) ❡s ❧✐♥❡❛❧✱ ❞❡ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥ ❞❛❞❛ ❡♥ ✭✸✳✼✮ t❡♥❡♠♦s
l´ım
λ→0
1
λ
{f(x¯+ λh)− f(x¯)} = f ′(x¯)h ♣❛r❛ t♦❞♦ h ∈ X \ {0} ✭✸✳✽✮
P♦r ♦tr❛ ♣❛rt❡✱ ❝♦♠♦ f ′(x¯)0X = 0Y ❝♦♥❝❧✉✐♠♦s q✉❡
l´ım
λ→0
1
λ
{f(x¯+ λh)− f(x¯)} = f ′(x¯)h ♣❛r❛ t♦❞♦ h ∈ X
P♦r ❧♦ t❛♥t♦ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ② f ′G(x¯)h = f
′(x¯)h ♣❛r❛ t♦❞♦ h ∈ X✳

❈♦r♦❧❛r✐♦ ✸✳✶✵✳ ❙❡❛♥ (X, ‖ ‖X) ❡ (Y, ‖ ‖Y ) ❞♦s ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦
❛❜✐❡rt♦ ♥♦ ✈❛❝í♦ ② f : S −→ Y ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❙✐ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ S ❡♥t♦♥❝❡s✿
✭✐✮ ▲❛ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t ❡s ú♥✐❝❛✳
✹✷
✭✐✐✮ f ❡s ❝♦♥t✐♥✉❛ ❡♥ x¯✳
❉❡♠♦str❛❝✐ó♥✳
(i) P♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✾ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❋ré❝❤❡t ② ●❛t❡❛✉① ❝♦✐♥❝✐❞❡♥ ❡♥ x¯✳ ❈♦♠♦ ❧❛ ❞❡r✐✈❛❞❛
❞❡ ●❛t❡❛✉① ❡s ú♥✐❝❛ ✭♣♦r ✉♥✐❝✐❞❛❞ ❞❡❧ ❧í♠✐t❡✮✱ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t ❡s ú♥✐❝❛✳
(ii) ❈♦♠♦ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ S✱ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✽ ❡①✐st❡ ❡❧ ❧í♠✐t❡
l´ım
‖h‖X→0
‖f(x¯+ h)− f(x¯)− f ′(x¯)h‖Y
‖h‖X
② ❡s ✐❣✉❛❧ ❛ 0✳ ❉❛❞♦ ǫ > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡ x¯+ h ∈ B(x¯, δ) ②
∥∥f(x¯+ h)− f(x¯)− f ′(x¯)h∥∥
Y
≤ ǫ ‖h‖X ✭✸✳✾✮
❉❡s❞❡ q✉❡ f ′(x¯) ∈ L(X,Y )✱ ❡①✐st❡ α > 0 t❛❧ q✉❡ ‖f ′(x¯)h‖Y ≤ α ‖h‖X ✳ ❉❡ ✭✸✳✾✮ ② ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞ ❛♥t❡r✐♦r ❝♦♥s❡❣✉✐♠♦s
‖f(x¯+ h)− f(x¯)‖Y =
∥∥f(x¯+ h)− f(x¯)− f ′(x¯)h+ f ′(x¯)h∥∥
Y
≤ ∥∥f(x¯+ h)− f(x¯)− f ′(x¯)h∥∥
Y
+
∥∥f ′(x¯)h∥∥
Y
≤ ǫ ‖h‖X + α ‖h‖X ✭✸✳✶✵✮
❙✐ ‖h‖X → 0 ❧♦❣r❛♠♦s ❡♥ ✭✸✳✶✵✮
l´ım
‖h‖X→0
‖f(x¯+ h)− f(x¯)‖Y = 0
▼♦str❛♥❞♦ ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ f ❡♥ x¯✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ❛ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥✈❡①❛s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡s✳
❚❡♦r❡♠❛ ✸✳✶✶✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❛❜✐❡rt♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧✳ ❙✐ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ t♦❞♦ x ∈ S ❡♥t♦♥❝❡s f ❡s ❝♦♥✈❡①❛ s✐ ② só❧♦ s✐
f(y) ≥ f(x) + f ′(x)(y − x) ♣❛r❛ t♦❞♦ x, y ∈ S✳
❉❡♠♦str❛❝✐ó♥✳
=⇒)
❙✉♣♦♥❣❛♠♦s q✉❡ f ❡s ❝♦♥✈❡①❛✳ ❚♦♠❡♠♦s x, y ∈ S ② 0 ≤ λ ≤ 1✱ s❡ t✐❡♥❡ q✉❡
f(x+ λ(y − x)) = f(λy + (1− λ)x)
≤ λf(y) + (1− λ)f(x)
✹✸
❚r❛♥s♣♦♥✐❡♥❞♦ tér♠✐♥♦s ❝♦♥s❡❣✉✐♠♦s λ(f(y)− f(x)) ≥ f(x+ λ(y − x))− f(x)✳ P♦r ❧♦ t❛♥t♦✱
f(y) ≥ f(x) + 1
λ
{f(x+ λ(y − x))− f(x)} ✭✸✳✶✶✮
❈♦♠♦ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡✱ t♦♠❛♥❞♦ ❡❧ ❧í♠✐t❡ ❝✉❛♥❞♦ λ→ 0 ❡♥ ✭✸✳✶✶✮ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥
✸✳✼ ❝♦♥s❡❣✉✐♠♦s f(y) ≥ f(x) + f ′(x)(y − x)✳
⇐=)
❙✉♣♦♥❣❛♠♦s q✉❡ f(y) ≥ f(x) + f ′(x)(y − x) ♣❛r❛ t♦❞♦ x, y ∈ S✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ S s✐
0 ≤ λ ≤ 1 ❡♥t♦♥❝❡s
f(x) ≥ f(λx+ (1− λ)y) + f ′(λy + (1− λ)x)(x− (λy + (1− λ)x))
= f(λx+ (1− λ)y) + f ′(λy + (1− λ)x)((1− λ)(x− y)) ✭✸✳✶✷✮
❆♥á❧♦❣❛♠❡♥t❡✱
f(y) ≥ f(λx+ (1− λ)y) + f ′(λy + (1− λ)x)(−λ(x− y)) ✭✸✳✶✸✮
❉❡♥♦t❡♠♦s ♣♦r u = λx + (1 − λ)y✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r λ ② (1 − λ) ❛ ✭✸✳✶✷✮ ② ✭✸✳✶✸✮ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡s✉❧t❛♥t❡s ② ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ f ′(·) t❡♥❡♠♦s
λf(x) + (1− λ)f(y) ≥ λf(u) + λf ′(u)((1− λ)(x− y)) + (1− λ)f(u)
+ (1− λ)f ′(u)(−λ(x− y))
= f(u) ✭✸✳✶✹✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✶✹✮ ② ❧❛ ♥♦t❛❝✐ó♥ ❞❡ u t❡♥❡♠♦s f(λx+(1−λ)y) ≤ λf(x)+
(1− λ)f(y)✱ ♠♦str❛♥❞♦ ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ✳

❊❥❡♠♣❧♦✳
❙❡❛ S ⊆ Rn ❛❜✐❡rt♦ ② ❝♦♥✈❡①♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝❧❛s❡ C1(S)✳ P♦r ❡❧ t❡♦r❡♠❛
❛♥t❡r✐♦r t❡♥❡♠♦s q✉❡ f(y) ≥ f(x) +∇f(x)T (y − x) ♣❛r❛ t♦❞♦ x, y ∈ S✳
❚❡♦r❡♠❛ ✸✳✶✷✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✳
❙✐ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ X ❡♥t♦♥❝❡s f ′(x¯)h = 0 ♣❛r❛ t♦❞♦ h ∈ X✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ h ∈ X✳ ❈♦♠♦ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S ② f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✱ ♣♦r ❡❧
❚❡♦r❡♠❛ ✸✳✻ ✲(i) s❡ t✐❡♥❡ q✉❡ f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳ ❊♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ x = h+ x¯
t❡♥❡♠♦s q✉❡ f ′(x¯)h ≥ 0✳ ❆s✐♠✐s♠♦✱ ♣❛r❛ x = −h + x¯ s❡ s✐❣✉❡ q✉❡ f ′(x¯)(−h) ≥ 0 ♣❛r❛ t♦❞♦
h ∈ X✱ ❞❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ f ′(x¯) t❡♥❡♠♦s q✉❡ f ′(x¯)h ≤ 0✳ ❊♥
❝♦♥s❡❝✉❡♥❝✐❛ f ′(x¯)h = 0 ♣❛r❛ t♦❞♦ h ∈ X✳

✹✹
✸✳✸✳ ❆♣❧✐❝❛❝✐ó♥ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡❧ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧
❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♣❧✐❝❛r❡♠♦s ❡❧ r❡s✉❧t❛❞♦ ❡①♣✉❡st♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✸✳✶✷ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡❧
❈á❧❝✉❧♦ ❞❡ ❱❛r✐❛❝✐♦♥❡s✳
❈♦♥s✐❞❡r❡♠♦s l : R3 −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ r❡s♣❡❝t♦ ❛ t♦❞❛s s✉s ✈❛r✐❛❜❧❡s✱ ❝♦♥ ❞❡r✐✈❛❞❛s
♣❛r❝✐❛❧❡s ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❛ s✉s ❞♦s ♣r✐♠❡r❛s ✈❛r✐❛❜❧❡s✳ ❙❡❛ ❧❛ ❢✉♥❝✐♦♥❛❧
f : C1[a, b] −→ R
x −→ f(x) =
ˆ b
a
l(x(t), x′(t), t)dt
❞♦♥❞❡−∞ < a < b < +∞✳ ❉❡✜♥✐♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞ x(a) = x1 ② x(b) = x2
❝♦♥ x1, x2 ∈ R ② ❡❧ ❝♦♥❥✉♥t♦ ❢❛❝t✐❜❧❡
S =
{
x ∈ C1[a, b]/x(a) = x1 ∧ x(b) = x2
}
❈❧❛r❛♠❡♥t❡✱ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡♥ C1[a, b]✳ ❙✉♣♦♥❣❛♠♦s q✉❡ x¯ ∈ S ❡s ❡❧ ♣✉♥t♦ ♠✐♥✐✲
♠✐③❛♥t❡ ❞❡ f ✳ P♦r ❡❧ ❡❥❡♠♣❧♦ ❞❛❞♦ ❡♥ ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✽✱ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯❀ ♣♦r ❧♦s
❚❡♦r❡♠❛s ✸✳✾ ② ✸✳✻✲(i) t❡♥❡♠♦s q✉❡ f ❡s ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ② f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛
t♦❞♦ x ∈ S✳ ❊st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ f ′(x¯)h ≥ 0 ♣❛r❛ t♦❞♦ h ∈ S˜ = S − {x¯}✳
❆✜r♠❛♠♦s q✉❡ S˜ =
{
x ∈ C1[a, b]/x(a) = 0 ∧ x(b) = 0}✳ ❊♥ ❡❢❡❝t♦✱ s✐ x ∈ S˜ ❡♥t♦♥❝❡s x = xˆ−x¯
❝♦♥ xˆ ∈ S✳ ▲✉❡❣♦✱
x(a) = x˜(a)− x¯(a) = x1 − x1 = 0
x(b) = x˜(b)− x¯(b) = x2 − x2 = 0
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ x ∈ {x ∈ C1[a, b]/x(a) = 0 ∧ x(b) = 0}✳ ❈♦♠♦ ❧❛ ♦tr❛ ✐♥❝❧✉s✐ó♥ ❡s ❡✈✐❞❡♥t❡✱
s❡ t✐❡♥❡ ❧❛ ❛✜r♠❛❝✐ó♥✳ ❆❞❡♠ás✱ s✐ h ∈ S˜ ❡♥t♦♥❝❡s −h ∈ S˜✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ f ′(x¯)(−h) ≥ 0 ②
♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ f ′(x¯) t❡♥❡♠♦s q✉❡ f ′(x¯)h ≤ 0 ♣❛r❛ t♦❞♦ h ∈ S˜✱ ♦❜t❡♥✐❡♥❞♦ ❛sí ❧❛ ✐❞❡♥t✐❞❛❞
f ′(x¯)h = 0 ♣❛r❛ t♦❞♦ h ∈ S˜✳
P♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✾✱ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ●❛t❡❛✉① ❞❡ f ❡♥ x¯ ❡st❛ ❞❛❞❛ ♣♦r
f ′(x¯)h =
ˆ b
a
{
∂l
∂x
(x¯(t), x¯′(t), t)h(t) +
∂l
∂x′
(x¯(t), x¯′(t), t)h′(t)
}
dt
❙✐❡♥❞♦ f ′(x¯)h = 0 t❡♥❡♠♦s ✜♥❛❧♠❡♥t❡ q✉❡
ˆ b
a
{
∂l
∂x
(x¯(t), x¯′(t), t)h(t) +
∂l
∂x′
(x¯(t), x¯′(t), t)h′(t)
}
dt = 0 ✭✸✳✶✺✮
✹✺
♣❛r❛ t♦❞♦ h ∈ S˜✳ P❛r❛ ♦❜t❡♥❡r ❡❧ r❡s✉❧t❛❞♦ ♣r❡❝✐s❛♠♦s ❞❡ ❧♦s s✐❣✉✐❡♥t❡s ❧❡♠❛s✳
▲❡♠❛ ✸✳✶✸✳ ❙❡❛ ❡❧ ❝♦♥❥✉♥t♦ S˜ =
{
x ∈ C1[a, b]/x(a) = 0 ∧ x(b) = 0} ❝♦♥ −∞ < a < b < +∞✳
❙✐ ❡①✐st❡ x ∈ C[a, b] t❛❧ q✉❡ ´ b
a
x(t)h′(t)dt = 0 ♣❛r❛ t♦❞♦ h ∈ S˜✱ ❡♥t♦♥❝❡s x ❡s ❝♦♥st❛♥t❡ ❡♥
[a, b]✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛♥
c =
1
b− a
ˆ b
a
x(t)dt y h(t) =
ˆ t
a
(x(s)− c)ds ✭✸✳✶✻✮
❖❜s❡r✈❡♠♦s q✉❡ c ❡s ❝♦♥st❛♥t❡ ② h′(t) = x(t) − c✱ ❛sí x ∈ C[a, b]✳ ❆❞❡♠ás s❡ ❝✉♠♣❧❡♥ q✉❡
h(a) = 0 ②
h(b) =
ˆ b
a
(x(s)− c)ds
=
ˆ b
a
x(s)− c(b− a) ✭✸✳✶✼✮
= 0
❘❡s✉❧t❛♥❞♦ q✉❡ h ∈ S˜✳ ❆sí ♣♦r ❧❛ ❤✐♣ót❡s✐s s♦❜r❡ x ❡♥ S˜✱ ❡❧ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡❧ ❈á❧❝✉❧♦
② ❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✻✮ ② ✭✸✳✶✼✮ ♦❜t❡♥❡♠♦s
ˆ b
a
(x(t)− c)2dt =
ˆ b
a
(x(t)− c)h′(t)dt
=
ˆ b
a
x(t)h′(t)dt− c(h(b)− h(a))
= −ch(b)
= 0
P♦r ❧♦ t❛♥t♦ ❝♦♠♦ (x(t) − c)2 ❡s ❝♦♥t✐♥✉❛ t❡♥❡♠♦s q✉❡ x(t) = c ♣❛r❛ t♦❞♦ t ∈ [a, b]✳ ❊♥
❝♦♥s❡❝✉❡♥❝✐❛✱ x ❡s ❝♦♥st❛♥t❡✳

▲❡♠❛ ✸✳✶✹✳ ❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ▲❡♠❛ ✸✳✶✸✱ s✐ ❡①✐st❡♥ x, y ∈ S˜ t❛❧❡s q✉❡
ˆ b
a
{x(t)h(t) + y(t)h′(t)}dt = 0
♣❛r❛ t♦❞♦ h ∈ S˜✳ ❊♥t♦♥❝❡s y ∈ C1[a, b] ② y′(t) = x(t) ♣❛r❛ t♦❞♦ t ∈ [a, b]✳
✹✻
❉❡♠♦str❛❝✐ó♥✳
❉❡✜♥✐♠♦s
ϕ : [a, b] −→ R
t −→ ϕ(t) =
ˆ t
a
x(s)ds
❙❡❛ h ∈ S˜✱ ♣♦r ✐♥t❡❣r❛❝✐ó♥ ♣♦r ♣❛rt❡s✱ t❡♥❡♠♦s
ˆ b
a
x(t)h(t)dt = ϕ(t)h(t) |ba −
ˆ b
a
ϕ(t)h′(t)dt
= ϕ(b)h(b)− ϕ(a)h(a)−
ˆ b
a
ϕ(t)h′(t)dt ✭✸✳✶✽✮
= −
ˆ b
a
ϕ(t)h′(t)dt
❉❡ ❧❛ ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ ② ❧❛ ✐❞❡♥t✐❞❛❞ ✭✸✳✶✽✮ ❝♦♥s❡❣✉✐♠♦s
ˆ b
a
(−ϕ(t) + y(t))h′(t)dt = 0
♣❛r❛ t♦❞♦ h ∈ S˜✳ P♦r ❡❧ ▲❡♠❛ ✸✳✶✸ ❡①✐st❡ c ∈ R t❛❧ q✉❡ y(t)−ϕ(t) = c ♣❛r❛ t♦❞♦ t ∈ [a, b]✳ ❆sí
y(t) = ϕ(t) + c✱ ❝♦♥ ❧♦ ❝✉❛❧ y ∈ C1[a, b] ② ❛❞❡♠ás y′(t) = x(t) ♣❛r❛ t♦❞♦ t ∈ [a, b] q✉❡❞❛♥❞♦
❞❡♠♦str❛❞♦ ❡❧ ❧❡♠❛✳

❯s❛♥❞♦ ❡❧ ▲❡♠❛ ✸✳✶✹ ♦❜t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥✲
t❛❧ ❞❡❧ ❈á❧❝✉❧♦ ❱❛r✐❛❝✐♦♥❛❧✳
❚❡♦r❡♠❛ ✸✳✶✺✳ ❙❡❛ l : R3 −→ R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥ r❡s♣❡❝t♦ ❛ t♦❞❛s s✉s ✈❛r✐❛❜❧❡s
② ❝♦♥ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❝♦♥t✐♥✉❛s r❡s♣❡❝t♦ ❛ s✉s ❞♦s ♣r✐♠❡r❛s ✈❛r✐❛❜❧❡s✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛
❢✉♥❝✐♦♥❛❧
f : C1[a, b] −→ R
x −→ f(x) =
ˆ b
a
l(x(t), x′(t), t)dt
❙✐ S =
{
x ∈ C1[a, b]/x(a) = x1 ∧ x(b) = x2
}
② x¯ ❡s ❡❧ ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S ❡♥t♦♥❝❡s
d
dt
{
lx′(x¯(t), x¯
′(t), t)
}
= lx(x¯(t), x¯
′(t), t)
✹✼
♣❛r❛ t♦❞♦ t ∈ [a, b]✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ x¯ ❡❧ ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S✳ P♦r ✭✸✳✶✺✮ t❡♥❡♠♦s
ˆ b
a
{
lx(x¯(t), x¯
′(t), t)h(t) + lx′(x¯(t), x¯
′(t), t)h′(t)
}
dt = 0
♣❛r❛ t♦❞♦ h ∈ S✳ P♦r ❧♦ t❛♥t♦ ♣♦r ❡❧ ▲❡♠❛ ✸✳✶✹ ♣❛r❛ x(t) = lx(x¯(t), x¯′(t), t) ❡ y(t) =
lx′(x¯(t), x¯
′(t), t) ❝♦♥s❡❣✉✐♠♦s
d
dt
{
lx′(x¯(t), x¯
′(t), t)
}
= lx(x¯(t), x¯
′(t), t)
♣❛r❛ ❝❛❞❛ t ∈ [a, b]✱ ❧♦❣r❛♥❞♦ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛✳

❊❥❡♠♣❧♦✳
❉❡t❡r♠✐♥❛r❡♠♦s ❧❛ ❝✉r✈❛ x ∈ C1[a, b] q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s (a, x1) ② (b, x2) ❝♦♥ ❧❛ ♠❡♥♦r ❧♦♥❣✐t✉❞✳
❊♥ ♦tr❛s ♣❛❧❛❜r❛s ❞❡❜❡♠♦s ❡♥❝♦♥tr❛r ❡❧ ♣✉♥t♦ ♠✐♥✐♠✐③❛♥t❡ ❞❡ ❧❛ ❢✉♥❝✐♦♥❛❧
f(x) =
ˆ b
a
√
1 + (x′(t))2dt
s♦❜r❡ S =
{
x ∈ C1[a, b]/x(a) = x1 ∧ x(b) = x2
}
✳ ❊♥ ❡st❡ ❝❛s♦ ❧❛ ❢✉♥❝✐♦♥❛❧ l ✈✐❡♥❡ ❞❛❞❛ ♣♦r
l(x, x′, t) =
√
1 + x′2 ❧❛ ❝✉❛❧ ❡s ❝♦♥t✐♥✉❛ ② ❝♦♥ ❧❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ r❡s♣❡❝t♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ x′
❝♦♥t✐♥✉❛✱ ♣✉❡st♦ q✉❡ lx′ =
x′√
1 + x′2
② ❛❞❡♠❛s lx = 0✳ ❙✐ x¯ ❡s ❡❧ ♣✉♥t♦ ♠✐♥✐♠✐③❛♥t❡ ❞❡ f ♣♦r
❡❧ ❚❡♦r❡♠❛ ✸✳✶✺ t❡♥❡♠♦s
d
dt
{
lx′(x¯(t), x¯
′(t), t)
}
= lx(x¯(t), x¯
′(t), t)
= 0
❊s ❞❡❝✐r
d
dt
{
x¯′√
1 + x¯′2
}
= 0 ♣❛r❛ t♦❞♦ t ∈ [a, b]✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ x¯
′
√
1 + x¯′2
= c ❞♦♥❞❡ c ❡s
✉♥❛ ❝♦♥st❛♥t❡✳ ❉❡s♣❡❥❛♥❞♦ x¯′ ❝♦♥s❡❣✉✐♠♦s
x¯′ =
√
c2
1− c2 = k
❉❡ ❡st❛ ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞✱ r❡s✉❧t❛ q✉❡ x¯′(t) = k ❡ ✐♥t❡❣r❛♥❞♦ t❡♥❡♠♦s x¯(t) = kt+ k1✳ P♦r ❧❛s
❝♦♥❞✐❝✐♦♥❡s ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞ x¯(a) = x1 ② x¯(b) = x2 ❝♦♥❝❧✉✐♠♦s q✉❡ x¯ ❡s ❧❛ ❢✉♥❝✐ó♥ ❧✐♥❡❛❧
✭❧✐♥❡❛ r❡❝t❛✮ q✉❡ ♣❛s❛ ♣♦r ❧♦s ♣✉♥t♦s (a, x1) ② (b, x2)✳
✹✽
✸✳✹✳ ❙✉❜❣r❛❞✐❡♥t❡s ❞❡ ❢✉♥❝✐♦♥❛❧❡s ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s
❉❡✜♥✐❝✐ó♥ ✸✳✶✻✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❉❡❝✐♠♦s q✉❡
l ∈ X⋆ ❡s ✉♥ s✉❜❣r❛❞✐❡♥t❡ ❞❡ f ❡♥ x¯ ∈ X s✐
f(x) ≥ f(x¯) + l(x− x¯)
♣❛r❛ t♦❞♦ x ∈ X✳ ❆❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s s✉❜❣r❛❞✐❡♥t❡s ❡♥ ✉♥ ♣✉♥t♦ x¯ s❡rá ❧❧❛♠❛❞♦ ❡❧
s✉❜❞✐❢❡r❡♥❝✐❛❧ ❞❡ f ❡♥ x¯✱ ❞❡♥♦t❛❞♦ ♣♦r
∂f(x¯) = {l ∈ X⋆/f(x) ≥ f(x¯) + l(x− x¯) ♣❛r❛ t♦❞♦ x ∈ X}
❊❥❡♠♣❧♦s✳
 ❙❡❛♥ X ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡✳ ❙✐ x ∈ X✱
♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✶✶ t❡♥❡♠♦s
f(y) ≥ f(x) + f ′(x)(y − x)
❈♦♠♦ f ′(x) ∈ X⋆ s❡ s✐❣✉❡ q✉❡ f ′(x) ∈ ∂f(x)✳
 ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② X⋆ s✉ ❡s♣❛❝✐♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❝♦♥ ❧❛ ♥♦r♠❛ ✉s✉❛❧✳ ❈♦♥s✐❞❡r❡♠♦s
❧❛ ❢✉♥❝✐♦♥❛❧ ♥♦r♠❛ f(x) = ‖x‖✳ ❙✐ x ∈ X✱ s❡ ❝✉♠♣❧❡
∂f(x) =

{l ∈ X
⋆/l(x) = ‖x‖ ∧ ‖l‖X⋆ = 1}, si x 6= 0
{l ∈ X⋆/ ‖l‖X⋆ ≤ 1}, si x = 0
❊♥ ❡❢❡❝t♦✳ ❊♥ ♣r✐♥❝✐♣✐♦ ✈❡❛♠♦s ❡❧ ❝❛s♦ ❡♥ q✉❡ x = 0✳ ❙❡❛ l ∈ ∂f(0) ❡♥t♦♥❝❡s f(x) ≥
f(0) + l(x − 0)✱ ❡s ❞❡❝✐r f(x) ≥ l(x) ♣❛r❛ t♦❞♦ x ∈ X✳ ❆sí ‖x‖ ≥ l(x) ♣❛r❛ t♦❞♦
x ∈ X✳ ❉❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ♥♦r♠❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧ X⋆
❝♦♥s❡❣✉✐♠♦s
l(x)
‖x‖ ≤ 1 =⇒ supx 6=0
l(x)
‖x‖ ≤ 1
=⇒ ‖l‖X⋆ ≤ 1
❘❡s✉❧t❛♥❞♦ ❧❛ ♣r✐♠❡r❛ ✐♥❝❧✉s✐ó♥✳ P❛r❛ ❧❛ ♦tr❛ ✐♥❝❧✉s✐ó♥✱ s✐ ‖l‖X⋆ ≤ 1 t❡♥❡♠♦s q✉❡
|l(x)| ≤ ‖x‖ ♣❛r❛ t♦❞♦ x 6= 0✱ ❞❡ ❞♦♥❞❡ l(x) ≤ ‖x‖✱ s✐❡♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ ❡✈✐❞❡♥t❡
♣❛r❛ x = 0✳ ❯s❛♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞ r❡s✉❧t❛ q✉❡ f(x) ≥ f(0) + l(x − 0) ♣♦r ❧♦ t❛♥t♦
l ∈ ∂f(0)✳
❆❤♦r❛ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ❝❛s♦ ❡♥ q✉❡ x 6= 0✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✾ ❡①✐st❡ l ∈ X⋆ t❛❧ q✉❡
l(x) = ‖x‖ ② ‖l‖X⋆ = 1✳ ❆sí ❝♦♥s❡❣✉✐♠♦s l(x) ≤ ‖x‖ ♣❛r❛ t♦❞♦ x ∈ X✳ ❯s❛♥❞♦ ❡st❛
✹✾
❞❡s✐❣✉❛❧❞❛❞ ② ❧❛s ❝♦♥❞✐❝✐♦♥❡s s♦❜r❡ l✱ ♦❜t❡♥❡♠♦s
‖x‖+ l(y − x) = ‖x‖ − l(x) + l(y)
= l(y) ≤ ‖y‖
❞❡ ❞♦♥❞❡ ‖y‖ ≥ ‖x‖+l(y−x)✱ ♣♦r ❧♦ t❛♥t♦ l ∈ ∂f(x)✳ P❛r❛ ❧❛ ♦tr❛ ✐♥❝❧✉s✐ó♥✱ s✐ l ∈ ∂f(x)
❡♥t♦♥❝❡s
‖x‖ − l(x) = 2 ‖x‖ − ‖x‖ − l(x)
= ‖2x‖ − ‖x‖ − l(2x− x) ≥ 0 ✭✸✳✶✾✮
❆♥á❧♦❣❛♠❡♥t❡
−‖x‖+ l(x) = ‖0‖ − ‖x‖ − l(0− x)
=≥ 0 ✭✸✳✷✵✮
❉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✶✾✮ ② ✭✸✳✷✵✮ ❧♦❣r❛♠♦s l(x) = ‖x‖✳ P♦r ♦tr❛ ♣❛rt❡✱ ✉s❛♥❞♦ ❡st❛
ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞✱ ♣❛r❛ y ∈ X ♦❜t❡♥❡♠♦s
‖y‖ ≥ ‖x‖+ l(y − x)
= ‖x‖+ l(y)− l(x) ✭✸✳✷✶✮
= l(y)
❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✶✮ r❡s✉❧t❛ q✉❡ ‖l‖X⋆ = sup
x 6=0
|l(x)|
‖x‖ ≤ 1 ② s✐❡♥❞♦ l(x) = ‖x‖
❝♦♥❝❧✉✐♠♦s q✉❡ ‖l‖X⋆ = 1✳
▲❡♠❛ ✸✳✶✼✳ ❈♦♥s✐❞❡r❡♠♦s (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❊♥t♦♥❝❡s
♣❛r❛ ❝❛❞❛ x¯ ∈ X s❡ ❝✉♠♣❧❡
∂f(x¯) =
{
l ∈ X⋆/f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X}
❞♦♥❞❡ f ′(x¯)h ❡s ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❞❡ f ❡♥ x¯ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ h✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❡❧ ▲❡♠❛ ✸✳✹ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ f ′(x¯)h ♣❛r❛ t♦❞♦ x¯, h ∈ X✳ ❙❡❛ l ∈ ∂f(x¯)✱
♣❛r❛ λ > 0 t❡♥❡♠♦s f(x¯ + λh) − f(x¯) ≥ l(λh✮✳ ❈♦♠♦ l ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✱ t❡♥❡♠♦s ❧❛
❞❡s✐❣✉❛❧❞❛❞ λ−1 {f(x¯+ λh)− f(x¯)} ≥ l(h)✳ ❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ λ→ 0+ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥t❡r✐♦r✱ ❧♦❣r❛♠♦s
✺✵
l´ım
λ→0+
1
λ
{f(x¯+ λh)− f(x¯)} ≥ l(h)
P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✶ t❡♥❡♠♦s q✉❡ f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X✳
❱❡❛♠♦s ❧❛ ♦tr❛ ✐♥❝❧✉s✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ l ∈ X⋆ ② f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X✳ P♦r ❡❧
▲❡♠❛ ✸✳✷ s❡ ❝✉♠♣❧❡ q✉❡ ϕ(1) ≥ l´ım
λ→0+
ϕ(λ) ❞♦♥❞❡ ϕ(λ) =
1
λ
{f(x¯+ λh)− f(x¯)}✳ P♦r ❧♦ t❛♥t♦
f(x¯+ h)− f(x¯) ≥ f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❝♦♥s❡❣✉✐♠♦s
f(x¯+ h) ≥ f(x¯) + l(h) ✭✸✳✷✷✮
♣❛r❛ t♦❞♦ h ∈ X✳ ❚♦♠❛♥❞♦ u = x¯+ h ❡♥ ✭✸✳✷✷✮ t❡♥❡♠♦s
f(u) ≥ f(x¯) + l(u− x¯)
♣❛r❛ t♦❞♦ u ∈ X ♠♦str❛♥❞♦ ❛sí q✉❡ l ∈ ∂f(x¯)✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ♠✉❡str❛ q✉❡ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s ❡❧ s✉❜❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧✱
❡s ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ✈❛❝í♦✳
❚❡♦r❡♠❛ ✸✳✶✽✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ② ❝♦♥t✐♥✉❛✳
❊♥t♦♥❝❡s ∂f(x¯) 6= ∅ ♣❛r❛ t♦❞♦ x¯ ∈ X✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ x¯ ∈ X✱ ♣♦r ❤✐♣ót❡s✐s f ❡s ❝♦♥t✐♥✉❛ ❡♥ x¯✱ ♣♦r t❛♥t♦ ❡①✐st❡♥ ✉♥❛ ❜♦❧❛ ❛❜✐❡rt❛ B(x¯, δ)
② α¯ > 0 t❛❧❡s q✉❡ |f(x)| ≤ α¯ ♣❛r❛ t♦❞♦ x ∈ B(x¯, δ)✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❡♣í❣r❛❢❡ ❞❡ f ✱
❡♣✐(f) = {(x, α) ∈ X × R/f(x) ≤ α}✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ✱ ❡♣✐(f) ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ②
❛❞❡♠ás s❡ ❝✉♠♣❧❡♥ (x¯, α¯+1) ∈ int(❡♣✐(f)) ② (x¯, f(x¯)) /∈ int(❡♣✐(f))✳ ▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡
❙❡♣❛r❛❝✐ó♥ ❞❡ ❊✐❞❡❧❤❡✐t ✭❚❡♦r❡♠❛ ✶✳✹✼✮ ❡①✐st❡♥ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ❝♦♥t✐♥✉❛ T : X×R −→ R
❝♦♥ T 6= 0(X×R)⋆ ② γ ∈ R t❛❧❡s q✉❡
T (x, α) ≤ γ ≤ T (x¯, α¯) ✭✸✳✷✸✮
♣❛r❛ t♦❞♦ (x, α) ∈ ❡♣✐(f)✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ (x, α) ∈ X × R ♣♦❞❡♠♦s ❡s❝r✐❜✐r
T (x, α) = T (x, 0) + αT (0, 1)
❉❡♥♦t❛♥❞♦ ♣♦r T (x, 0) = l(x) ② β = T (0, 1) t❡♥❡♠♦s q✉❡ l ∈ X⋆✱ β ∈ R ② ❡❧ ♣❛r (l, β) 6=
(0X⋆ , 0)✱ ❝♦♥ ❧♦ ❝✉❛❧ T (x, α) = l(x) + βα✱ q✉❡❞❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✸✮ ❡①♣r❡s❛❞❛ ❝♦♠♦
l(x) + βα ≤ γ ≤ l(x¯) + βf(x¯) ✭✸✳✷✹✮
♣❛r❛ t♦❞♦ (x, α) ∈ ❡♣✐(f)✳ ❚♦♠❛♥❞♦ x = x¯ ❡♥ ✭✸✳✷✹✮ t❡♥❡♠♦s q✉❡ βα ≤ βf(x¯) ♣❛r❛ t♦❞♦
✺✶
α ≥ f(x¯)✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ β ≤ 0✳ ❙✉♣♦♥❣❛♠♦s q✉❡ β = 0✱ ❞❡ ✭✸✳✷✹✮ t❡♥❡♠♦s
l(x) ≤ l(x¯)
♣❛r❛ t♦❞♦ x ∈ X✱ ❞❡ ❞♦♥❞❡ r❡s✉❧t❛
‖l‖X⋆ = sup
x 6=x¯
|l(x− x¯)|
‖x− x¯‖ ≤ 0
❖❜t❡♥✐❡♥❞♦ q✉❡ ‖l‖X⋆ = 0✱ ❡♥ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ❡❧ ❤❡❝❤♦ q✉❡ (l, β) 6= (0X⋆ , 0)✳ P♦r ❧♦ t❛♥t♦
β < 0✳ ❆sí✱ ❞❡ ✭✸✳✷✹✮ ❞✐✈✐❞✐❡♥❞♦ ♣♦r β ♦❜t❡♥❡♠♦s
1
β
l(x) + α ≥ 1
β
l(x¯) + f(x¯) ✭✸✳✷✺✮
♣❛r❛ t♦❞♦ (x, α) ∈ ❡♣✐(f)✳ ❚♦♠❛♥❞♦ α = f(x) ❡♥ ✭✸✳✷✺✮ ❝♦♥s❡❣✉✐♠♦s
1
β
l(x) + f(x) ≥ 1
β
l(x¯) + f(x¯)
=⇒f(x) ≥ f(x¯)− 1
β
l(x− x¯)
♣❛r❛ t♦❞♦ x ∈ X✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✶✻ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❝♦♥❝❧✉✐♠♦s q✉❡− 1
β
l ∈ ∂f(x¯)✳
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ ∂f(x¯) 6= ∅✳

❚❡♦r❡♠❛ ✸✳✶✾✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❊♥t♦♥❝❡s x¯ ∈ X
❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f s✐ ② só❧♦ s✐ 0X⋆ ∈ ∂f(x¯)✳
❉❡♠♦str❛❝✐ó♥✳
x¯ = argmin
x∈X
f(x)⇐⇒ f(x) ≥ f(x¯) ♣❛r❛ t♦❞♦ x ∈ X
⇐⇒ f(x) ≥ f(x¯) + 0X⋆(x− x¯) ♣❛r❛ t♦❞♦ x ∈ X
⇐⇒ 0X⋆ ∈ ∂f(x¯)

❚❡♦r❡♠❛ ✸✳✷✵✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ② ❝♦♥t✐♥✉❛✳
❊♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ x¯ ② h ❡♥ X✱ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❞❡ f ❡♥ x¯ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ h ❡s
f ′(x¯)h = ma´x
l∈∂f(x¯)
l(h)
✺✷
❉❡♠♦str❛❝✐ó♥✳
❚♦♠❡♠♦s x¯ ∈ X ✉♥ ♣✉♥t♦ ❛r❜✐tr❛r✐♦ ② h ∈ X ✉♥❛ ❞✐r❡❝❝✐ó♥ ❛r❜✐tr❛r✐❛✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ❡❧
t❡♦r❡♠❛ ❡s ✈á❧✐❞♦ s✐ h = 0✳ ❙✉♣♦♥❣❛♠♦s q✉❡ h 6= 0✱ ♣♦r ❤✐♣ót❡s✐s✱ ❧♦s ▲❡♠❛s ✸✳✸ ② ✸✳✶✼ ②
❡❧ ❚❡♦r❡♠❛ ✸✳✶✽ t❡♥❡♠♦s q✉❡ f ′(x¯)h ❡①✐st❡✱ ∂f(x¯) ❡s ♥♦ ✈❛❝í♦ ② f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦
l ∈ ∂f(x¯)✳ ❱❡❛♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❡❧❡♠❡♥t♦ w ∈ ∂f(x¯) t❛❧ q✉❡ f ′(x¯)h ≥ w(h)✳ ❊♥ ❡❢❡❝t♦✱
❝♦♥s✐❞❡r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦
T =
{
(x¯+ λh, f(x¯) + λf ′(x¯)h) ∈ X × R/λ ≥ 0}
 T 6= ∅ ♣✉❡s (x¯, f(x¯)) ∈ T ✳
 ❡♣✐(f) ∩ T = ∅✳
❊♥ ❡❢❡❝t♦✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷ ❧❛ ❢✉♥❝✐ó♥ ϕ(λ) =
1
λ
{f(x¯+ λh)− f(x¯)} ❡s ♠♦♥ót♦♥❛ ❝r❡❝✐❡♥✲
t❡ ② l´ım
λ→0+
ϕ(λ) = f ′(x¯)h✳ ❆sí ϕ(λ) ≥ f ′(x¯)h ♣❛r❛ t♦❞♦ λ ≥ 0✳ ❉❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞
♦❜t❡♥❡♠♦s f(x¯+λh) ≥ f(x¯)+λf ′(x¯)h ♣❛r❛ t♦❞♦ λ ≥ 0✳ ❆sí ❡❧ ♣❛r (x¯+λh, f(x¯)+λf ′(x¯)h)
♥♦ ♣❡rt❡♥❡❝❡ ❛ int(❡♣✐(f)) ♣❛r❛ ♥✐♥❣ú♥ λ ≥ 0✱ ♠♦str❛♥❞♦ ❧❛ ❛✜r♠❛❝✐ó♥✳
 T ❡s ❝♦♥✈❡①♦✳
❊❢❡❝t✐✈❛♠❡♥t❡✱ s✐ u1, u2 ∈ T ② 0 ≤ λ ≤ 1 t❡♥❡♠♦s
λu1 + (1− λ)u2 = λ
{
(x¯+ λ1h, f(x¯) + λ1f
′(x¯)h)
}
+ (1− λ){(x¯+ λ2h, f(x¯) + λ2f ′(x¯)h)}
= (x¯+ λλ1 + (1− λ)λ2, f(x¯) + {λλ1 + (1− λ)λ2}f ′(x¯)h)
❞♦♥❞❡ λ1 ② λ2 ♣❡rt❡♥❡❝❡♥ ❛ [0,+∞)✳ ❈♦♠♦ λλ1 + (1− λ)λ2 ≥ 0 s❡ s✐❣✉❡ ❧❛ ❛✜r♠❛❝✐ó♥✳
❉❡ ❡st❛s ❛✜r♠❛❝✐♦♥❡s✱ t❡♥❡♠♦s ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✼ ② ❝á❧❝✉❧♦s s✐♠✐❧❛r❡s ❡❢❡❝t✉❛❞♦s ❡♥ ✭✸✳✷✸✮
② ✭✸✳✷✹✮✱ q✉❡ ❡①✐st❡♥ l ∈ X⋆✱ β, γ ∈ R ❝♦♥ (l, β) 6= (0X⋆ , 0) t❛❧❡s q✉❡
l(x) + βα ≤ γ ≤ l(x¯+ λh) + β(f(x¯) + λf ′(x¯)h) ✭✸✳✷✻✮
♣❛r❛ t♦❞♦ (x, α) ∈ ❡♣✐(f) ② λ ≥ 0✳ ❯s❛♥❞♦ ❧♦s ♠✐s♠♦s ❝á❧❝✉❧♦s ❡❢❡❝t✉❛❞♦s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥
❞❡❧ ❚❡♦r❡♠❛ ✸✳✶✾✱ t♦♠❛♥❞♦ x = x¯ ② λ = 0 ♦❜t❡♥❡♠♦s q✉❡ β < 0✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦
♣♦r
1
β
❛ ❧♦s ❞♦s ❡①tr❡♠♦s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✻✮ ② tr❛♥s♣♦♥✐❡♥❞♦ tér♠✐♥♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡
❝♦♥s❡❣✉✐♠♦s
1
β
l(x− x¯− λh) + α ≥ f(x¯) + λf ′(x¯)h ✭✸✳✷✼✮
❚♦♠❛♥❞♦ α = f(x) ② λ = 0 ❡♥ ✭✸✳✷✼✮ ② ❞❡s♣❡❥❛♥❞♦ tér♠✐♥♦s ♦❜t❡♥❡♠♦s
✺✸
f(x) ≥ f(x¯)− 1
β
l(x− x¯)
♠♦str❛♥❞♦ q✉❡ − 1
β
l ∈ ∂f(x¯)✳
❍❛❝✐❡♥❞♦ x = x¯✱ α = f(x) ② λ = 1 ❡♥ ✭✸✳✷✼✮ t❡♥❡♠♦s
1
β
l(x¯− x¯− h) + f(x¯) ≥ f(x¯) + f ′(x¯)h
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ − 1
β
l ❧♦❣r❛♠♦s − 1
β
l(h) ≥ f ′(x¯)h✳ ❉❡♥♦t❛♥❞♦ ♣♦r w =
− 1
β
l t❡♥❡♠♦s q✉❡ f ′(x¯)h ≤ w(h)✳ ❈♦♥ ❧♦ ❝✉❛❧ q✉❡❞❛ ❞❡♠♦str❛❞♦ ❡❧ t❡♦r❡♠❛✳

❈♦r♦❧❛r✐♦ ✸✳✷✶✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛
② ❝♦♥t✐♥✉❛✳
✭✐✮ ❙✐ x¯ ❡s ❡❧ ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S ② S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯✱ ❡♥t♦♥❝❡s
ma´x
l∈∂f(x¯)
l(x− x¯) ≥ 0 ✭✸✳✷✽✮
♣❛r❛ t♦❞♦ x ∈ S✳
✭✐✐✮ ❙✐ ♣❛r❛ ❛❧❣ú♥ x¯ ∈ S ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✽✮ ❡s ✈á❧✐❞❛✱ ❡♥t♦♥❝❡s x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f
❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
(i) ❈♦♠♦ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✻✲(i) t❡♥❡♠♦s f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦
x ∈ S✳ ▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✸✳✷✵ t❡♥❡♠♦s
f ′(x¯)(x− x¯) = ma´x
l∈∂f(x¯)
l(x− x¯) ≥ 0
♣❛r❛ t♦❞♦ x ∈ S✳
(ii) P♦r ❤✐♣ót❡s✐s✱ ❡❧ ▲❡♠❛ ✸✳✷ ② ❡❧ ❚❡♦r❡♠❛ ✸✳✷✵ ❝♦♥s❡❣✉✐♠♦s
1
λ
{f(x¯+ λ(x− x¯)− f(x¯)} ≥ f ′(x¯)(x− x¯)
= ma´x
l∈∂f(x¯)
l(x− x¯) ≥ 0 ✭✸✳✷✾✮
♣❛r❛ t♦❞♦ x ∈ S ② λ > 0✳ ❍❛❝✐❡♥❞♦ λ = 1 ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✷✾✮ ♦❜t❡♥❡♠♦s f(x) ≥ f(x¯)
♣❛r❛ ❝❛❞❛ x ∈ S✱ ♣♦r ❧♦ t❛♥t♦ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S✳

✺✹
✸✳✺✳ ❈♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞ ♣❛r❛ ❢✉♥❝✐♦♥❛❧❡s ❈❧❛r❦❡ ❞✐❢❡✲
r❡♥❝✐❛❜❧❡s
❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❛ ❧❛s ❢✉♥❝✐♦♥❛❧❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ s✐❡♥❞♦ ❝♦♥s✐❞❡r❛❞❛ ✉♥❛
✈❡rs✐ó♥ ❞é❜✐❧ ❞❡ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥ ❡s♣❛❝✐♦s ❛❜str❛❝t♦s✳ ❆s✐♠✐s♠♦ ❞❡s❛rr♦❧❧❛r❡♠♦s r❡s✉❧✲
t❛❞♦s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ❛ ❧♦s ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ♣❛r❛ ❡st❛ ❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❛❧❡s✳
❉❡✜♥✐❝✐ó♥ ✸✳✷✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳
❉❡❝✐♠♦s q✉❡ f ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ S s✐ ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r
f ′c(x¯)h := l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh)− f(x)}
❡①✐st❡ ♣❛r❛ t♦❞♦ h ∈ X✳ ❊❧ ✈❛❧♦r f ′c(x¯)h s❡rá ❧❧❛♠❛❞♦ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡ ❞❡ f ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥
h✳
❖❜s❡r✈❛❝✐♦♥❡s✳
 ▲❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡ s❡ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥ ❡❧ s❡♥t✐❞♦ q✉❡ ❡❧ ✈❛❧♦r
❞❡ x ✈❛r✐❛ ❡♥ ❡❧ ❝♦❝✐❡♥t❡ ✐♥❝r❡♠❡♥t❛❧✱ ❡s ❞❡❝✐r x→ x¯✳
 ▲❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡ ❡s ✉♥❛ ✈❡rs✐ó♥ ❞é❜✐❧ ❞❡❧ ❧í♠✐t❡ ❞❡✜♥✐❞♦ ❡♥ ❧❛
❞❡r✐✈❛❞❛ ❞❡ ●❛t❡❛✉①✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ s✐ f ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ●❛t❡❛✉① ❞✐❢❡r❡♥❝✐❛❜❧❡✱
❡♥t♦♥❝❡s ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✳
 P❛r❛ q✉❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❡♥ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡✱ ❡st❡ ❜✐❡♥ ❞❡✜♥✐❞❛
❞❡❜❡♠♦s ❡①✐❣✐r q✉❡ x ∈ S ② x+λh ∈ S ♣❛r❛ ✈❛❧♦r❡s ❞❡ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦s✳ P♦r
❡st❡ ♠♦t✐✈♦ x ∈
◦
S✳
❊❥❡♠♣❧♦✳
❙❡❛ ❧❛ ❢✉♥❝✐ó♥ r❡❛❧ ❞❡ ✈❛r✐❛❜❧❡ r❡❛❧ f(x) = |x|✳ ❙❛❜❡♠♦s q✉❡ ❡st❛ ❢✉♥❝✐ó♥ ♥♦ ❡s ❞❡r✐✈❛❜❧❡ ❡♥
❡❧ ♣✉♥t♦ x = 0✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x = 0 ② ❛❞❡♠ás ❞❛❞♦
h ∈ R s❡ ❝✉♠♣❧❡ f ′c(0)h = |h|✳ ❊♥ ❡❢❡❝t♦✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r t❡♥❡♠♦s
f ′c(0)h = l´ım sup
x→0
λ→0+
1
λ
{|x+ λh| − |x|}
≤ l´ım sup
x→0
λ→0+
1
λ
{|x|+ λ |h| − |x|}
≤ |h|
❞❡ ❞♦♥❞❡ f ′c(0)h ≤ |h|✳ P♦r ♦tr❛ ♣❛rt❡ s✐ x = λh✱ s✐❡♥❞♦ ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❡❧ ♠❛②♦r ✈❛❧♦r
❛❞❤❡r❡♥t❡ t❡♥❡♠♦s
✺✺
f ′c(0)h = l´ım sup
x→x¯
λ→0+
1
λ
{|x+ λh| − |x|}
≥ l´ım sup
λ→0+
1
λ
{2λ |h| − λ |h|}
≥ l´ım sup
λ→0+
{|h|} = |h|
❈♦♥ ❧♦ ❝✉❛❧ f ′c(0)h ≥ |h|✱ q✉❡ ❞❡♠✉❡str❛ ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳
▲❡♠❛ ✸✳✷✸✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦ ② x¯ ∈
◦
S✳ ❙✐ f ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ❝♦♥ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ k✱ ❡♥t♦♥❝❡s f ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯
② |f ′c(x¯)h| ≤ k ‖h‖ ♣❛r❛ t♦❞♦ h ∈ X✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♠♦ f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ❡①✐st❡ δ1 > 0 t❛❧ q✉❡ |f(x)− f(y)| ≤ k ‖x− y‖ ♣❛r❛ t♦❞♦
x, y ∈ B(x¯, δ1) ∩ S✳ ❆❞❡♠ás ♣♦r ❤✐♣ót❡s✐s x¯ ∈
◦
S✱ s✐ x→ x¯ ② λ→ 0+ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♥❛
❜♦❧❛ ❛❜✐❡rt❛ B(x¯, δ2) t❛❧ q✉❡ x, x+ λh ∈ B(x¯, δ2) ⊆ S✳ ❚♦♠❛♥❞♦ δ = mı´n{δ1, δ2}✱ t❡♥❡♠♦s
∣∣∣∣ 1λ {f(x+ λh)− f(x)}
∣∣∣∣ ≤ kλ ‖x+ λh− x‖
≤ k
λ
‖λh‖ = k ‖h‖ ✭✸✳✸✵✮
❆sí ❧❛ ❡①♣r❡s✐ó♥
∣∣∣∣ 1λ {f(x+ λh)− f(x)}
∣∣∣∣ ❡st❛ ❛❝♦t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❡①✐st❡
f ′c(x¯)h = l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh)− f(x)}
▲✉❡❣♦✱ ❣r❛❝✐❛s ❛ ✭✸✳✸✵✮ t❡♥❡♠♦s
∣∣f ′c(x¯)h∣∣ =
∣∣∣∣∣∣l´ım supx→x¯
λ→0+
1
λ
{f(x+ λh)− f(x)}
∣∣∣∣∣∣
≤ l´ım sup
x→x¯
λ→0+
∣∣∣∣ 1λ {f(x+ λh)− f(x)}
∣∣∣∣ ≤ k ‖h‖
❆sí✱ |f ′c(x¯)h| ≤ k ‖h‖ ♣❛r❛ t♦❞♦ h ∈ X✳

▲❡♠❛ ✸✳✷✹✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦ ② x¯ ∈
◦
S✳ ❙✐ f : S −→ R ❡s
✉♥❛ ❢✉♥❝✐♦♥❛❧ ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ❡♥t♦♥❝❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ f ′c(x¯) ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛❧✳
✺✻
❉❡♠♦str❛❝✐ó♥✳
❈❧❛r❛♠❡♥t❡ f ′c(x¯)(0X) = 0✳ ❈♦♥s✐❞❡r❡♠♦s h ∈ X ♥♦ ♥✉❧♦ ② α > 0 ❡♥t♦♥❝❡s ♣♦r ❧❛s ♣r♦♣✐❡❞❛❞❡s
❞❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r t❡♥❡♠♦s
f ′c(x¯)(αh) = l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λαh)− f(x)}
= α l´ım sup
x→x¯
λ→0+
1
αλ
{f(x+ λαh)− f(x)}
= α l´ım sup
x→x¯
µ→0+
1
µ
{f(x+ µh)− f(x)} = αf ′c(x¯)(h) ✭✸✳✸✶✮
❚♦♠❛♥❞♦ h1, h2 ∈ X✱ r❡s✉❧t❛ q✉❡
f ′c(x¯)(h1 + h2) = l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λ(h1 + h2))− f(x)}
= l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λ(h1 + h2))− f(x+ λh2) + f(x+ λh2)− f(x)}
≤ l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λ(h1 + h2))− f(x+ λh2)}
+ l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh2)− f(x)} ✭✸✳✸✷✮
❈♦♠♦ x+ λh2 → x¯ s✐ x→ x¯ ② λ→ 0+ ❞❡ ✭✸✳✸✷✮ ❧♦❣r❛♠♦s
f ′c(x¯)(h1 + h2) ≤ l´ım sup
u→x¯
λ→0+
1
λ
{f(u+ λh1)− f(u)}+ l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh2)− f(x)}
= f ′c(x¯)(h1) + f
′
c(x¯)(h2) ✭✸✳✸✸✮
P♦r ❧♦ t❛♥t♦✱ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ✭✸✳✸✶✮ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✸✮ s❡ s✐❣✉❡ ❡❧ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✷✺✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② f : X −→ R ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ② ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉❛ ❡♥ x¯ ∈ X✳ ❊♥t♦♥❝❡s ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ❈❧❛r❦❡ ② ❞✐r❡❝❝✐♦♥❛❧ ❞❡ f ❡♥ ❡❧ ♣✉♥t♦ x¯ ❝♦✐♥❝✐❞❡♥✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s h ∈ X ✉♥❛ ❞✐r❡❝❝✐ó♥ ❛r❜✐tr❛r✐❛✳ P♦r ❡❧ ▲❡♠❛ ✸✳✷✸ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡
f ′c(x¯)h❀ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ② ❡❧ ▲❡♠❛ ✸✳✹ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ f
′(x¯) ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥
h✳ ❆sí t❡♥❡♠♦s
✺✼
f ′(x¯)h = l´ım
λ→0+
1
λ
{f(x¯+ λh)− f(x¯)}
≤ l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh)− f(x)} = f ′c(x¯)h
❘❡s✉❧t❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ f ′(x¯)h ≤ f ′c(x¯)h ♣❛r❛ t♦❞♦ h ∈ X✳
P♦r ♦tr❛ ♣❛rt❡✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷ (ϕ(λ) ≤ ϕ(ǫ)) ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡✱ s❡
t✐❡♥❡ q✉❡
f ′c(x¯)h = l´ım sup
x→x¯
λ→0+
1
λ
{f(x+ λh)− f(x)}
= l´ım
δ→0+
ǫ→0+
sup
‖x−x¯‖<δ
sup
0<λ<ǫ
1
λ
{f(x+ λh)− f(x)}
= l´ım
δ→0+
ǫ→0+
sup
‖x−x¯‖<δ
1
ǫ
{f(x+ ǫh)− f(x)} ✭✸✳✸✹✮
❙❡❛ α > 0 ❛r❜✐tr❛r✐♦✳ ❉❡ ❧❛ ✐❣✉❛❧❞❛❞ ✭✸✳✸✹✮ t❡♥❡♠♦s (δ = ǫα)
f ′c(x¯)h = l´ım
ǫ→0+
sup
‖x−x¯‖<ǫα
1
ǫ
{f(x+ ǫh)− f(x)} ✭✸✳✸✺✮
P♦r ❤✐♣ót❡s✐s✱ f ❡s ▲✐♣❝❤✐t✐③ ❝♦♥t✐♥✉❛ ❡♥ x¯✱ ❧✉❡❣♦ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ♦❜t❡♥❡✲
♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∣∣∣∣1ǫ {f(x+ ǫh)− f(x)} − 1ǫ {f(x¯+ ǫh)− f(x¯)}
∣∣∣∣ ≤ 1ǫ |f(x+ ǫh)− f(x¯+ ǫh)|
+
1
ǫ
|f(x)− f(x¯)|
≤ k
ǫ
‖x− x¯‖+ k
ǫ
‖x− x¯‖ ✭✸✳✸✻✮
=
k
ǫ
(2ǫα) = 2kα
❞♦♥❞❡ k ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ❞❡ f ✳
P♦r ❧♦ t❛♥t♦
1
ǫ
{f(x+ ǫh)− f(x)} ≤ 1
ǫ
{f(x¯+ ǫh)− f(x¯)}+ 2kα ✭✸✳✸✼✮
❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✸✳✸✼✮✱ ❧❛ ✐❞❡♥t✐❞❛❞ ✭✸✳✸✺✮ ② ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✶ t❡♥❡♠♦s
✺✽
f ′c(x¯)h = l´ım
ǫ→0+
sup
‖x−x¯‖<ǫα
1
ǫ
{f(x+ ǫh)− f(x)}
≤ l´ım
ǫ→0+
1
ǫ
{f(x¯+ ǫh)− f(x¯)}+ 2kα
= f ′(x¯)h+ 2kα
P♦r ❧♦ t❛♥t♦ f ′c(x¯)h ≤ f ′(x¯)h + 2kα ♣❛r❛ t♦❞♦ α ≥ 0✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ f ′c(x¯)h ≤ f ′(x¯)h✳ ❉❡
❡st❛ ❢♦r♠❛✱ ♦❜t❡♥❡♠♦s ❧❛ ✐❣✉❛❧❞❛❞ f ′c(x¯)h❂f
′(x¯)h✱ ♠♦str❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✻✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦ ②
f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ∈
◦
S✳ ❉❡✜♥✐♠♦s ❡❧ ❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ♦
s✉❜❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❈❧❛r❦❡ ❞❡ f ❡♥ x¯ ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦
∂clf(x¯) =
{
l ∈ X⋆/f ′c(x¯) ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X
}
❚❡♦r❡♠❛ ✸✳✷✼✳ ❈♦♥s✐❞❡r❡♠♦s (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛ ②
▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ∈ X✳ ❊♥t♦♥❝❡s ❡❧ s✉❜❞✐❢❡r❡♥❝✐❛❧ ∂f(x¯) ❞❡ f ❡♥ x¯ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧
❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ∂clf(x¯) ❞❡ f ❡♥ x¯✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❧♦s ❚❡♦r❡♠❛s ✸✳✷✵✱ ✸✳✷✺ ② ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✷✻ t❡♥❡♠♦s
l ∈ ∂f(x¯)⇐⇒ f ′(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X
⇐⇒ f ′c(x¯)h ≥ l(h) ♣❛r❛ t♦❞♦ h ∈ X
⇐⇒ l ∈ ∂clf(x¯)
❉❡ ❞♦♥❞❡ ∂clf(x¯) = ∂f(x¯)✳

❚❡♦r❡♠❛ ✸✳✷✽✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦ ②
f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯ ∈
◦
S✳ ❊♥t♦♥❝❡s ∂clf(x¯) ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦
♥♦ ✈❛❝í♦✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❧♦s ▲❡♠❛s ✸✳✷✸ ② ✸✳✷✹✱ f ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ② ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡ ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧
s✉❜❧✐♥❡❛❧✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✶✳✹✹ ❡①✐st❡ ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ l : X −→ R t❛❧ q✉❡ f ′c(x¯)h ≥
l(h) ♣❛r❛ t♦❞♦ h ∈ X✳ ❱❡❛♠♦s ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ l ❡♥ X✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✷✻ ② ❡❧ ▲❡♠❛ ✸✳✷✸
t❡♥❡♠♦s
✺✾
l(h) ≤ f ′c(x¯)h
≤ ∣∣f ′c(x¯)h∣∣
≤ k ‖h‖ ✭✸✳✸✽✮
❉♦♥❞❡ k ❡s ❧❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ❞❡ f ✳ P♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ l t❡♥❡♠♦s
l(−h) = −l(h)
≤ f ′c(x¯)(−h)
≤ k ‖−h‖ = k ‖h‖ ✭✸✳✸✾✮
P♦r ❧♦ t❛♥t♦ ❞❡ ✭✸✳✸✽✮ ② ✭✸✳✸✾✮ ❝♦♥s❡❣✉✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ −k ‖h‖ ≤ l(h) ≤ k ‖h‖✱ ❡♥ ❝♦♥s❡✲
❝✉❡♥❝✐❛ |l(h)| ≤ k ‖h‖ ♣❛r❛ t♦❞♦ h ∈ X✳ P♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✶✷✱ l ❡s ❝♦♥t✐♥✉❛ ❡♥ X ❝♦♥ ❧♦ ❝✉❛❧
l ∈ X⋆✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✷✻ t❡♥❡♠♦s q✉❡ l ∈ ∂clf(x¯)✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡st❛❜❧❡❝❡ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❧♦s ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ❞❡ ✉♥❛
❢✉♥❝✐♦♥❛❧ ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡✳
❚❡♦r❡♠❛ ✸✳✷✾✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ T ⊆ X ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦✱ f :
T −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ② S ⊆ T ✳ ❙✉♣♦♥❣❛♠♦s q✉❡ x¯ ∈ S ∩
◦
T s❛t✐s❢❛❝❡✿
✭✐✮ x¯ ❡s ♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ T ✳
✭✐✐✮ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯✳
✭✐✐✐✮ f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❡♥ x¯✳
❊♥t♦♥❝❡s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❈❧❛r❦❡ f ′c(x¯) s❛t✐s❢❛❝❡ f
′
c(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♠♦ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ❡♥t♦♥❝❡s x¯ + λ(x − x¯) ∈ S ♣❛r❛ 0 < λ < 1✳ P♦r ❤✐♣ót❡s✐s
f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛ ❝♦♥ ❝♦♥st❛♥t❡ k ❡♥ x¯ ∈
◦
T ✱ ♣♦r ❡❧ ▲❡♠❛ ✸✳✷✸ f ❡s ❈❧❛r❦❡ ❞✐❢❡r❡♥❝✐❛❜❧❡
❡♥ x¯✳ ❙✐ x ∈ S t❡♥❡♠♦s
∣∣∣∣ 1λ {f(x¯+ λ(x− x¯))− f(x¯)}
∣∣∣∣ ≤ kλ ‖λ(x− x¯)‖
= k ‖x− x¯‖ ✭✸✳✹✵✮
❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ λ → 0+ ♣♦r ❧❛ ♠♦♥♦t♦♥✐❛ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ϕ(·)✱ ❡♥ ✭✸✳✹✵✮ ❧♦❣r❛♠♦s
❧❛ ❡①✐st❡♥❝✐❛ ❞❡ f ′(x¯)(x − x¯)✳ ❈♦♠♦ x¯ = argmin
x∈S
f(x) ♣✉❡s S ⊆ T ✱ t❡♥❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
f(x¯+ λ(x− x¯)) ≥ f(x¯) ♣♦r ❧♦ t❛♥t♦
✻✵
l´ım sup
λ→0+
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)} ≥ 0
▲✉❡❣♦✱
l´ım sup
y→x¯
λ→0+
1
λ
{f(y + λ(x− x¯))− f(y)} ≥ l´ım sup
λ→0+
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)}
≥ 0
P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✷✷ ❧♦❣r❛♠♦s f ′c(x¯)(x− x¯) ≥ 0✳

❖❜s❡r✈❛❝✐♦♥✳
❊♥ ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r s✐ ❝♦♥s✐❞❡r❛♠♦s S = X ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❈❧❛r❦❡ ❞✐❢❡r❡♥✲
❝✐❛❜❧❡ ❡♥t♦♥❝❡s x¯ = argmin
x∈X
f(x) ② 0X⋆ ∈ ∂clf(x¯)✳
✻✶
❈❛♣ít✉❧♦ ✹
❖♣t✐♠✐③❛❝✐ó♥ ♥♦ ❝♦♥✈❡①❛ ❡♥ ❡s♣❛❝✐♦s
❞❡ ❇❛♥❛❝❤
✹✳✶✳ ❈♦♥♦s t❛♥❣❡♥t❡s
❉❡✜♥✐❝✐ó♥ ✹✳✶✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② x¯ ∈ S¯✳
✭✐✮ ❉✐r❡♠♦s q✉❡ h ∈ X ❡s ✉♥ ✈❡❝t♦r t❛♥❣❡♥t❡ ❛ S ❡♥ x¯ s✐ ❡①✐st❡♥ ❞♦s s✉❝❡s✐♦♥❡s (xn)n∈N ⊆ S
② (λn)n∈N ⊆ R+ t❛❧❡s q✉❡ x¯ = l´ım
n→∞
xn ② h = l´ım
n→∞
λn(xn − x¯)✳
✭✐✐✮ ❊❧ ❝♦♥❥✉♥t♦ T (S, x¯) = {h ∈ X/h ❡s ✈❡❝t♦r t❛♥❣❡♥t❡ ❛ S ❡♥ x¯} s❡rá ❧❧❛♠❛❞♦ ❝♦♥♦ t❛♥✲
❣❡♥t❡ s❡❝✉❡♥❝✐❛❧ ❞❡ ❇♦✉❧✐❣❛♥❞ ❛ S ❡♥ x¯ ♦ ❝♦♥♦ ❝♦♥t❡♥❡❞♦r ❞❡ S ❡♥ x¯✳
❖❜s❡r✈❛❝✐♦♥❡s✳
 P♦r ❞❡✜♥✐❝✐ó♥ ❞❡ T (S, x¯) s❡ ❡①✐❣❡ q✉❡ x¯ ∈ S¯✱ s✐♥ ❡♠❜❛r❣♦ ❡♥ ❧♦ s✉❝❡s✐✈♦ s❡ ❝♦♥s✐❞❡r❛rá
q✉❡ x¯ ∈ S✳
 ❈❧❛r❛♠❡♥t❡ T (S, x¯) ❡s ✉♥ ❝♦♥♦✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ h ∈ T (S, x¯) ② λ ≥ 0✳ ❙✐ λ = 0 ❡✈✐❞❡♥✲
t❡♠❡♥t❡ λh ∈ T (S, x¯) ✭❜❛st❛ ❝♦♥s✐❞❡r❛r ❧❛ s✉❝❡s✐ó♥ ❝♦♥st❛♥t❡ xn = x¯✮✳ P♦r ♦tr♦ ❧❛❞♦ s✐
λ > 0✱ t♦♠❡♠♦s ❧❛s s✉❝❡s✐♦♥❡s (xn) ② (λn)✳ ❉❡✜♥❛♠♦s µn = λλn✱ ❡♥t♦♥❝❡s t❡♥❡♠♦s q✉❡
x¯ = l´ım
n→∞
xn ②
λh = λ l´ım
n→∞
λn(xn − x¯)
= l´ım
n→∞
λλn︸︷︷︸
µn
(xn − x¯)
❝♦♥ ❧♦ ❝✉❛❧ λh ∈ T (S, x¯)✱ ♠♦str❛♥❞♦ ❛sí ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳
▲❡♠❛ ✹✳✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② S ⊆ X ♥♦ ✈❛❝í♦✳ ❙✐ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ∈ S✱
❡♥t♦♥❝❡s ❝♦♥♦(S − {x¯}) ⊆ T (S, x¯)✳
✻✷
❉❡♠♦str❛❝✐ó♥✳
❊♥ ♣r✐♥❝✐♣✐♦✱ s✐ S ❡s ✉♥ ❝♦♥♦✱ ❡♥t♦♥❝❡s ❝♦♥♦(S) = S✳ ❚♦♠❡♠♦s x ∈ S✳ ❈♦♠♦ S ❡s ❡str❡❧❧❛❞♦
r❡s♣❡❝t♦ ❛ x¯ ∈ S t❡♥❡♠♦s q✉❡ ❡❧ ♣✉♥t♦
xn = x¯+
1
n
(x− x¯)
=
1
n
x+
(
1− 1
n
)
x¯ ✭✹✳✶✮
♣❡rt❡♥❡❝❡ ❛ S ♣❛r❛ ❝❛❞❛ n ∈ N✳ ❚♦♠❛♥❞♦ ❡❧ ❧í♠✐t❡ ❡♥ ✭✹✳✶✮ ❝✉❛♥❞♦ n → ∞ t❡♥❡♠♦s q✉❡
xn −→ x¯ ② ❛❞❡♠ás ❤❛❝✐❡♥❞♦ λn = n✱ ♥✉❡✈❛♠❡♥t❡ ❞❡ ✭✹✳✶✮ ♦❜t❡♥❡♠♦s
l´ım
n→∞
λn(xn − x¯) = l´ım
n→∞
n(xn − x¯)
= x− x¯
P♦r ❧♦ t❛♥t♦ x− x¯ ∈ T (S, x¯)✱ ♠♦str❛♥❞♦ ❛sí q✉❡ S−{x¯} ⊆ T (S, x¯)✳ P♦r ❧❛ ❛✜r♠❛❝✐ó♥ ❞❛❞❛ ❛❧
✐♥✐❝✐♦ ❞❡ ❧❛ ♣r✉❡❜❛ ② ❧❛ ♦❜s❡r✈❛❝✐ó♥ ♣♦st❡r✐♦r ❛ ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶ s❡ s✐❣✉❡ q✉❡
❝♦♥♦(S − {x¯}) ⊆ ❝♦♥♦(T (S, x¯)) = T (S, x¯)
❈♦♥ ❧♦ ❝✉❛❧ ✜♥❛❧✐③❛ ❧❛ ❞❡♠♦str❛❝✐ó♥✳

▲❡♠❛ ✹✳✸✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② S ⊆ X ♥♦ ✈❛❝í♦✳ ❙✐ x¯ ∈ S ❡♥t♦♥❝❡s T (S, x¯) ⊆ ❝♦♥♦(S − {x¯})✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛♥ x¯ ∈ S ✭✜❥♦✮ ② h ∈ T (S, x¯)✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶✱ ❡①✐st❡♥ (xn)n∈N ⊆ S ② (λn)n∈N ⊆ R+
t❛❧❡s q✉❡ x¯ = l´ım
n→∞
xn ② h = l´ım
n→∞
λn(xn − x¯)✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✵ t❡♥❡♠♦s
❝♦♥♦(S − {x¯}) = {λ(x− x¯)/λ ≥ 0 ∧ x ∈ S}
❖❜s❡r✈❡♠♦s q✉❡ ❧❛ s✉❝❡s✐ó♥ zn = λn(xn − x¯) ♣❡rt❡♥❡❝❡ ❛ ❝♦♥♦(S − {x¯}) ② ❝♦♠♦ h = l´ım
n→∞
zn
❧♦❣r❛♠♦s q✉❡ h ∈ ❝♦♥♦(S − {x¯})✱ q✉❡❞❛♥❞♦ ❞❡♠♦str❛❞♦ ❡❧ ❧❡♠❛✳

❖❜s❡r✈❛❝✐ó♥✳
❙✐ S ❡s ✉♥ ❝♦♥❥✉♥t♦ ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯✱ ❞❡ ❧♦s ▲❡♠❛s ✹✳✷ ② ✹✳✸ s❡ s✐❣✉❡ q✉❡
❝♦♥♦(S − {x¯}) ⊆ T (S, x¯) ⊆ ❝♦♥♦(S − {x¯})
❚❡♦r❡♠❛ ✹✳✹✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② S ⊆ X ♥♦ ✈❛❝í♦✳ ❙✐ x¯ ∈ S✱ ❡♥t♦♥❝❡s T (S, x¯) ❡s ❝♦♥✈❡①♦✳
✻✸
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ x¯ ∈ S ✭✜❥♦✮ ② ❝♦♥s✐❞❡r❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ✈❡❝t♦r❡s t❛♥❣❡♥t❡s (hn) ⊆ T (S, x¯) t❛❧ q✉❡
h = l´ım
n→∞
hn ❞♦♥❞❡ h ∈ X✳ ❱❡❛♠♦s q✉❡ h ∈ T (S, x¯)✳ ❈♦♠♦ hn ∈ T (S, x¯) ♣❛r❛ ❝❛❞❛ n ∈ N
❡①✐st❡♥ (xni)i∈N ⊆ S ② (λni)i∈N ⊆ R+ t❛❧❡s q✉❡ x¯ = l´ım
i→∞
xni ② hn = l´ım
i→∞
λni(xni − x¯)✳ ●r❛❝✐❛s
❛ ❡st❛s ❝♦♥✈❡r❣❡♥❝✐❛s✱ ♣❛r❛ ❝❛❞❛ n ∈ N ❡①✐st❡ i(n) ∈ N t❛❧ q✉❡
‖xni − x¯‖ ≤
1
n
✭✹✳✷✮
‖λni(xni − x¯)− hn‖ ≤
1
n
✭✹✳✸✮
♣❛r❛ t♦❞♦ i ≥ i(n)✳
❉❡✜♥❛♠♦s ❧❛s s✉❝❡s✐♦♥❡s yn = xni(n) ② tn = λni(n) ♣❛r❛ ❝❛❞❛ n ∈ N✳ P♦r ✭✹✳✷✮ t❡♥❡♠♦s q✉❡
x¯ = l´ım
n→∞
yn✱ ❛❞❡♠ás✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✹✳✸✮✱ ✭✹✳✷✮ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ tn ❡ yn ♦❜t❡♥❡♠♦s
‖tn(yn − x¯)− h‖ =
∥∥∥λni(n)(xni(n) − x¯)− hn + hn − h∥∥∥
≤ 1
n
+ ‖hn − h‖ ✭✹✳✹✮
❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ n → ∞ ❡♥ ✭✹✳✹✮✱ ❧♦❣r❛♠♦s ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ h = l´ım
n→∞
tn(yn − x¯)✳ P♦r
❧♦ t❛♥t♦ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶ t❡♥❡♠♦s q✉❡ h ∈ T (S, x¯) ❝♦♥s✐❣✉✐❡♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹ ② ❧❛ ♦❜s❡r✈❛❝✐ó♥ ♣♦st❡r✐♦r ❛❧ ▲❡♠❛ ✹✳✸ t❡♥❡♠♦s ❡❧
❈♦r♦❧❛r✐♦ ✹✳✺✳ ❙✐ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ∈ S ❡♥t♦♥❝❡s T (S, x¯) = ❝♦♥♦(S − {x¯})✳
❚❡♦r❡♠❛ ✹✳✻✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥ ② S ⊆ X ♥♦ ✈❛❝í♦ ② ❝♦♥✈❡①♦✳ ❊♥t♦♥❝❡s T (S, x¯) ❡s ✉♥
❝♦♥♦ ❝♦♥✈❡①♦ ♣❛r❛ t♦❞♦ x¯ ∈ S✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s x¯ ∈ S ✭✜❥♦ ❛r❜✐tr❛r✐♦✮ ② s❡❛♥ h1, h2 ∈ T (S, x¯)✳ ❙✐ h1 = 0 ♦ h2 = 0 ❡♥t♦♥❝❡s
λh1 + (1− λ)h2 ♣❡rt❡♥❡❝❡ ❛ T (S, x¯)✱ ♣✉❡st♦ q✉❡ T (S, x¯) ❡s ✉♥ ❝♦♥♦✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❝❛s♦ ❡♥
q✉❡ h1, h2 s♦♥ ♥♦ ♥✉❧♦s✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶ ❡①✐st❡♥ (xn) ② (yn) ❡♥ S ② (λn) ② (µn) ❡♥ R+
t❛❧❡s q✉❡
x¯ = l´ım
n→∞
xn, h = l´ım
n→∞
λn(xn − x¯) ✭✹✳✺✮
x¯ = l´ım
n→∞
yn, h = l´ım
n→∞
µn(xn − x¯) ✭✹✳✻✮
❉❡✜♥✐♠♦s ❧❛s s✉❝❡s✐♦♥❡s θn = λn + µn ② zn =
1
θn
(λnxn + µnyn)✳ ❈❧❛r❛♠❡♥t❡ θn ∈ R+ ② ♣♦r
❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ S ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ θn t❡♥❡♠♦s q✉❡ zn ∈ S ♣❛r❛ t♦❞♦ n ∈ N✳ P♦r ❧♦ t❛♥t♦
✻✹
❞❡ ❧❛s ❝♦♥✈❡r❣❡♥❝✐❛s ✭✹✳✺✮✱ ✭✹✳✻✮✱ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ θn ② s✐❡♥❞♦ ❧❛s s✉❝❡s✐♦♥❡s (λn/θn) ② (µn/θn)
s✉❝❡s✐♦♥❡s r❡❛❧❡s ❛❝♦t❛❞❛s✱ ♦❜t❡♥❡♠♦s
l´ım
n→∞
zn = l´ım
n→∞
1
θn
(λnxn + µnyn)
= l´ım
n→∞
1
θn
(λnxn − λnx¯+ µnyn − µnx¯+ λnx¯+ µnx¯)
= l´ım
n→∞
λn
θn
(xn − x¯) + µn
θn
(yn − x¯) + x¯ = x¯ ✭✹✳✼✮
②
l´ım
n→∞
θn(zn − x¯) = l´ım
n→∞
λnxn + µnyn − θnx¯
= l´ım
n→∞
λnxn + µnyn − (λn + µn)x¯
= l´ım
n→∞
λn(xn − x¯) + µn(yn − x¯) = h1 + h2
▼♦str❛♥❞♦ ❛sí q✉❡ h1 + h2 ∈ T (S, x¯)✳ P♦r ❧♦ t❛♥t♦ T (S, x¯) ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦✳

✹✳✷✳ ❈♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞ s♦❜r❡ ❝♦♥♦s t❛♥❣❡♥t❡s
❊♥ ❡st❛ s❡❝❝✐ó♥ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s r❡s♣❡❝t♦ ❛ ❧♦s ♣✉♥t♦s ♠✐♥✐♠✐③❛♥t❡s ❞❡ ❢✉♥❝✐♦✲
♥❛❧❡s✱ r❡s♣❡❝t♦ ❛ ❧♦s ❝♦♥♦s t❛♥❣❡♥t❡s ❣❡♥❡r❛❞♦s ♣♦r ❧♦s ♣✉♥t♦s ♠í♥✐♠✐③❛♥t❡s✳ ❈♦♠❡♥③❛r❡♠♦s
❝♦♥ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳
❚❡♦r❡♠❛ ✹✳✼✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : X −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳
✭✐✮ ❙✐ f ❡s ❝♦♥t✐♥✉❛ ② ❝♦♥✈❡①❛ ❡♥t♦♥❝❡s ♣❛r❛ ❝❛❞❛ ♣✉♥t♦ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥ x¯ ∈ S ❞❡ f ❡♥ S
s❡ ❝✉♠♣❧❡
f(x¯) ≤ f(x¯+ h) ✭✹✳✽✮
♣❛r❛ t♦❞♦ h ∈ T (S, x¯)✳
✭✐✐✮ ❙✐ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ∈ S ② s❡ s❛t✐s❢❛❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✽✮ ❡♥t♦♥❝❡s x¯ ❡s ❡❧
♣✉♥t♦ ♠í♥✐♠♦ ❞❡ f ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
(i) ❙❡❛ x¯ = argmin
x∈S
f(x)✳ ❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❛ h1 ∈ T (S, x¯) t❛❧ q✉❡ f(x¯) > f(x¯ + h1)
✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✳ ❊✈✐❞❡♥t❡♠❡♥t❡ h1 6= 0✳ ❊s❝♦❣❡♠♦s α > 0 t❛❧ q✉❡ f(x¯)−f(x¯+h1) > α > 0✳
❈♦♠♦ h1 ∈ T (S, x¯) ❡①✐st❡♥ ❞♦s s✉❝❡s✐♦♥❡s (xn)n∈N ⊆ S ② (λn)n∈N ⊆ R+ t❛❧❡s q✉❡ x¯ = l´ım
n→∞
xn
✻✺
② h1 = l´ım
n→∞
λn(xn− x¯)✳ ❙❡❛ ❧❛ s✉❝❡s✐ó♥ hn = λn(xn− x¯)✱ ❝♦♠♦ l´ım
n→∞
hn = h1 ② h1 6= 0✱ s❡ t✐❡♥❡
q✉❡ l´ım
n→∞
1/λn = 0✱ ❧✉❡❣♦ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ 1/λn ♣❡rt❡♥❡❝❡ ❛❧ ✐♥t❡r✈❛❧♦ (0, 1)✳
P❛r❛ ❞✐❝❤♦s í♥❞✐❝❡s✱ ♣♦r s❡r S ✉♥ ❝♦♥❥✉♥t♦ ❡str❡❧❧❛❞♦ r❡s✉❧t❛ q✉❡
x¯+ hn = x¯+ λn(xn − x¯)
= λnxn + (1− λn)x ✭✹✳✾✮
♣❡rt❡♥❡❝❡ ❛ S ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲✉❡❣♦ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ✱ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡
hn ② ❧❛ ✐❞❡♥t✐❞❛❞ ✭✹✳✾✮ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♥❡♠♦s
f(xn) = f(
1
λn
x¯+ xn − x¯+ x¯− 1
λn
x¯)
= f(
1
λn
(x¯+ hn) + (1− 1
λn
)x¯)
≤ 1
λn
f(x¯+ hn) + (1− 1
λn
)f(x¯) ✭✹✳✶✵✮
P♦r ❧❛ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ f ✱ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ (hn) ② ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ α ❧♦❣r❛♠♦s ❞❡ ✭✹✳✶✵✮
f(xn) ≤ 1
λn
f(x¯+ hn) + (1− 1
λn
)f(x¯)
≤ 1
λn
f(x¯+ h1) + (1− 1
λn
)f(x¯)
≤ 1
λn
{f(x¯+ h1) + α}+ (1− 1
λn
)f(x¯)
≤ 1
λn
f(x¯) + (1− 1
λn
)f(x¯) = f(x¯)
▲♦ q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ♠✐♥✐♠❛❧✐❞❛❞ ❞❡ x¯✳ P♦r ❧♦ t❛♥t♦ s❡ t✐❡♥❡ ✭✹✳✽✮✳
(ii) ❈♦♠♦ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❞❡ x¯✱ ♣♦r ❡❧ ▲❡♠❛ ✹✳✷ t❡♥❡♠♦s q✉❡ S − {x¯} ⊆ T (S, x¯)✳ ❆sí
♣♦r ❧❛ ❤✐♣ót❡s✐s t❡♥❡♠♦s f(x¯) ≤ f(x¯ + h) ♣❛r❛ t♦❞♦ h ∈ S − {x¯}✳ ❙✐ h ∈ S − {x¯} ❡♥t♦♥❝❡s
❡①✐st❡ x1 ∈ S t❛❧ q✉❡ h = x1 − x¯✱ ❞❡ ❞♦♥❞❡ x1 = h + x¯✳ ▲✉❡❣♦ ♦❜t❡♥❡♠♦s f(x¯) ≤ f(x1) ❆sí✱
❞❛❞♦ x1 ∈ S ❝♦♥❝❧✉✐♠♦s q✉❡ f(x¯) ≤ f(x1)✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ x¯ = argmin
x∈S
f(x)✳

❚❡♦r❡♠❛ ✹✳✽✳ ❈♦♥s✐❞❡r❡♠♦s (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : U −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✱
❞♦♥❞❡ U ⊆ X ❡s ❛❜✐❡rt♦ ② S ⊆ U ✳ ❙✐ x¯ ∈ S ❡s ♣✉♥t♦ ♠✐♥✐♠✐③❛♥t❡ ❞❡ f ❡♥ S ② f ❡s ❋ré❝❤❡t
❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✱ ❡♥t♦♥❝❡s f ′(x¯)h ≥ 0 ♣❛r❛ t♦❞♦ h ∈ T (S, x¯)✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s x¯ = argmin
x∈S
f(x) ② h ∈ T (S, x¯)✳ ❙✐ h = 0 ♥♦ ❤❛② ♥❛❞❛ q✉❡ ❞❡♠♦str❛r✳ ❙✉♣♦♥✲
❣❛♠♦s q✉❡ h 6= 0✳ P♦r ❤✐♣ót❡s✐s ❡①✐st❡♥ ❞♦s s✉❝❡s✐♦♥❡s (xn)n∈N ⊆ S ② (λn)n∈N ⊆ R+ t❛❧❡s q✉❡
✻✻
x¯ = l´ım
n→∞
xn ② h = l´ım
n→∞
λn(xn − x¯)✳ ❈♦♠♦ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✱ ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ②
❝♦♥t✐♥✉✐❞❛❞ ❞❡ f ′(x¯)✱ t❡♥❡♠♦s
f ′(x¯)h = f ′(x¯) l´ım
n→∞
λn(xn − x¯)
= l´ım
n→∞
λnf
′(x¯)(xn − x¯)
= l´ım
n→∞
λn(f(xn)− f(x¯)−
{
f(xn)− f(x¯)− f ′(x¯)(xn − x¯)
}
✭✹✳✶✶✮
❈♦♠♦ xn ∈ S✱ ♣♦r ❧❛ ♠✐♥✐♠❛❧✐❞❛❞ ❞❡ x¯ ❡♥ S r❡s✉❧t❛ q✉❡ f(xn)−f(x¯) ≥ 0✳ P♦r t❛♥t♦ ❞❡ ✭✹✳✶✶✮
❧♦❣r❛♠♦s
f ′(x¯)h ≥ − l´ım
n→∞
λn
{
f(xn)− f(x¯)− f ′(x¯)(xn − x¯)
}
= − l´ım
n→∞
‖hn‖
{
f(xn)− f(x¯)− f ′(x¯)(xn − x¯)
‖xn − x¯‖
}
✭✹✳✶✷✮
❞♦♥❞❡ ‖hn‖ = λn ‖xn−x¯‖✳ ❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✶✷✮✱ ❧❛ ❉❡✜♥✐❝✐ó♥ ✸✳✽ (h = xn − x¯) ② s✐❡♥❞♦ f
❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✱ ♦❜t❡♥❡♠♦s q✉❡ f ′(x¯)h ≥ 0 ♣❛r❛ t♦❞♦ h ∈ T (S, x¯)✳

✹✳✸✳ ❈♦♥❞✐❝✐♦♥❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞ ♣❛r❛ ❢✉♥❝✐♦♥❛❧❡s ♣s❡✉❞♦❝♦♥✲
✈❡①❛s
❉❡✜♥✐❝✐ó♥ ✹✳✾✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧
❝♦♥ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥ x¯ ∈ S ♣❛r❛ t♦❞❛ ❞✐r❡❝❝✐ó♥ x − x¯ ❝♦♥ x ∈ S✳ ❉✐r❡♠♦s q✉❡ f ❡s
♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ ❡❧ ♣✉♥t♦ x¯ s✐ ♣❛r❛ t♦❞♦ x ∈ S s❡ ❝✉♠♣❧❡
f ′(x¯)(x− x¯) ≥ 0 =⇒ f(x) ≥ f(x¯)
❉✐r❡♠♦s q✉❡ f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ S s✐ f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ x✱ ♣❛r❛ t♦❞♦ x ∈ S✳
❖❜s❡r✈❛❝✐ó♥✳
❊♥ ❧❛ ❉❡✜♥✐❝✐♦♥ ✹✳✾ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ q✉❡ f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ x¯ s✐
f(x) < f(x¯) =⇒ f ′(x¯)(x− x¯) < 0 ♣❛r❛ t♦❞♦ x ∈ S✳
❊❥❡♠♣❧♦✳
❙❡❛ ❧❛ ❢✉♥❝✐♦♥ r❡❛❧ ❞❡ ✈❛r✐❛❜❧❡ r❡❛❧ f(x) = x3 + x✱ x ∈ R✳ ❆✜r♠❛♠♦s q✉❡ f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛
❡♥ R✳ ❊♥ ❡❢❡❝t♦✱ s❡❛ x¯ ∈ R✳ ❈❧❛r❛♠❡♥t❡ f ′(x¯) = 3x¯2 + 1 > 0✳ ❙✐ f(x) < f(x¯) t❡♥❡♠♦s
✻✼
x3 + x < x¯3 + x¯ =⇒ x3 − x¯3 + x− x¯ < 0
=⇒ (x− x¯)(x2 + xx¯+ x¯2 + 1)︸ ︷︷ ︸
>0
< 0
=⇒ (x− x¯) < 0.
P♦r ❧♦ t❛♥t♦✱ f➫✭x¯)(x− x¯) < 0 ♣❛r❛ t♦❞♦ x ∈ R✱ ♠♦str❛♥❞♦ ❛sí ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳
▲❡♠❛ ✹✳✶✵✳ ❈♦♥s✐❞❡r❡♠♦s X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡①❛✳ ❙✐ ❡①✐st❡ ❧❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥ x¯ ∈ S ❡♥ t♦❞❛ ❞✐r❡❝❝✐ó♥ x − x¯✱ ♣❛r❛
t♦❞♦ x ∈ S✳ ❊♥t♦♥❝❡s f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ x¯✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s x ∈ S✳ P♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ f ❡♥ S ♣❛r❛ λ ∈ [0, 1] t❡♥❡♠♦s
f(λx+ (1− λ)x¯) ≤ λf(x) + (1− λ)f(x¯) ✭✹✳✶✸✮
❚r❛♥s♣♦♥✐❡♥❞♦ tér♠✐♥♦s ❡♥ ✭✹✳✶✸✮ ❧♦❣r❛♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
f(x) ≥ f(x¯) + 1
λ
{f(λx+ (1− λ)x¯)− f(x¯)}
= f(x¯) +
1
λ
{f(x¯+ λ(x− x¯))− f(x¯)} ✭✹✳✶✹✮
❚♦♠❛♥❞♦ ❡❧ ❧í♠✐t❡ ❝✉❛♥❞♦ λ→ 0+ ❡♥ ✭✹✳✶✹✮ ② ♣♦r ❤✐♣ót❡s✐s ♦❜t❡♥❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ f(x) ≥
f(x¯) + f ′(x¯)(x− x¯)✳ P♦r ❧♦ t❛♥t♦✱
f(x)− f(x¯) ≥ f ′(x¯)(x− x¯) ✭✹✳✶✺✮
❙✐ f ′(x¯)(x− x¯) ≥ 0 ❡♥t♦♥❝❡s ❞❡ ✭✹✳✶✺✮ ❝♦♥s❡❣✉✐♠♦s f(x) ≥ f(x¯)✱ ❞❡♠♦str❛♥❞♦ ❧❛ ♣s❡✉❞♦❝♦♥✲
✈❡①✐❞❛❞ ❞❡ f ❡♥ x¯✳

❚❡♦r❡♠❛ ✹✳✶✶✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦ ② f : U −→ R
✉♥❛ ❢✉♥❝✐♦♥❛❧✱ ❞♦♥❞❡ U ❡s ✉♥ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ S✳ ❙✐ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡
② ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ S✱ ❡♥t♦♥❝❡s f ❡s ❝✉❛s✐❝♦♥✈❡①❛ ❡♥ S✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ α ∈ R ② s✉♣♦♥❣❛♠♦s q✉❡ Sα = {x ∈ S/f(x) ≤ α} ❡s ♥♦ ✈❛❝í♦✳ ❆✜r♠❛♠♦s q✉❡ Sα ❡s
❝♦♥✈❡①♦✳ ❊♥ ❡❢❡❝t♦✱ s❡❛♥ x, y ∈ Sα. ❙✉♣♦♥❣❛♠♦s ❧♦ ❝♦♥tr❛r✐♦✱ ❡♥t♦♥❝❡s ❡①✐st❡ λˆ ∈ [0, 1] t❛❧
q✉❡ f(λˆx+ (1− λˆ)x¯) > α✳ P❛r❛ α ≥ ma´x{f(x), f(y)}✱ s✐ t♦♠❛♠♦s λˆ = 0 ♦ λˆ = 1✱ r❡s✉❧t❛ q✉❡
✻✽
t❛♥t♦ f(x) > α = ma´x{f(x), f(y)} ♦ f(y) > α = ma´x{f(x), f(y)} ❧♦ ❝✉❛❧ ❡s ❛❜s✉r❞♦✳ P♦r ❧♦
t❛♥t♦ λˆ ∈ (0, 1)✳ ❈♦♠♦ f ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ S✱ ♣♦r ❡❧ ❈♦r♦❧❛r✐♦ ✸✳✶✵ t❡♥❡♠♦s q✉❡ f
❡s ❝♦♥t✐♥✉❛ ❡♥ S✳ ❆sí✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥t✐♥✉❛
ψ : (0, 1) −→ R
λ −→ f(λx+ (1− λ)y)
❛❧❝❛♥③❛ s✉ ✈❛❧♦r ♠á①✐♠♦ ❡♥ (0, 1), ❡s ❞❡❝✐r ❡①✐st❡ λ¯ ∈ (0, 1) t❛❧ q✉❡ f(λ¯x + (1 − λ¯)y) ≥
f(λx + (1 − λ)y)✳ ❉❡♥♦t❛♥❞♦ ♣♦r x¯ = λ¯x + (1 − λ¯)y t❡♥❡♠♦s q✉❡ x¯ = argmin
x∈Sˆ
f(x) ❞♦♥❞❡
Sˆ = [x, y]✱ ❡❧ s❡❣♠❡♥t♦ ❝❡rr❛❞♦ q✉❡ ✉♥❡ ❧♦s ♣✉♥t♦s x ❡ y✳ P♦r ❧♦s t❡♦r❡♠❛s ✸✳✻ ✲(i) ② ✸✳✾ ✭♣❛r❛
❡❧ ❝❛s♦ ❞❡❧ ♣✉♥t♦ ♠á①✐♠♦ x¯ ❡♥ Sˆ✮ ♦❜t❡♥❡♠♦s
f ′(x¯)(x− x¯) ≤ 0 ② f ′(x¯)(y − x¯) ≤ 0 ✭✹✳✶✻✮
❉❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ x¯✱ ❧♦❣r❛♠♦s ❧❛s ✐❞❡♥t✐❞❛❞❡s✿
x− x¯ = x− λ¯x+ (1− λ¯)y = (1− λ¯)(x− y) ✭✹✳✶✼✮
y − x¯ = y − λ¯x+ (1− λ¯)y = −λ¯(x− y) ✭✹✳✶✽✮
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❞❡ ✭✹✳✶✻✮✱ ✭✹✳✶✼✮✱ ✭✹✳✶✽✮ ② ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ f ′(x¯) r❡s✉❧t❛ q✉❡✿
0 ≥ f ′(x¯)(x− x¯) = (1− λ¯)f ′(x¯)(x− y) =⇒ f ′(x¯)(x− y) ≤ 0 ✭✹✳✶✾✮
0 ≥ f ′(x¯)(y − x¯) = −λ¯f ′(x¯)(x− y) =⇒ f ′(x¯)(x− y) ≥ 0 ✭✹✳✷✵✮
❉❡ ✭✹✳✶✾✮ ② ✭✹✳✷✵✮ ❝♦♥s❡❣✉✐♠♦s f ′(x¯)(x−y) = 0✳ ▲✉❡❣♦ ❞❡ ✭✹✳✶✽✮ ♦❜t❡♥❡♠♦s f ′(x¯)(y− x¯) = 0✳
❆sí ♣♦r ❧❛ ♣s❡✉❞♦❝♦♥✈❡①✐❞❛❞ ❞❡ f r❡s✉❧t❛ q✉❡ f(y)− f(x¯) ≥ 0✳ P♦r ♦tr❛ ♣❛rt❡
f(y)− f(x¯) = f(y)− f(λ¯x+ (1− λ¯)y)
≤ f(y)− f(λˆx+ (1− λˆ)y)
< f(y)− α ≤ 0
❈♦♥ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s f(y)−f(x¯) < 0✱ ❧♦ q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✳ P♦r ❧♦ t❛♥t♦
Sα ❡s ❝♦♥✈❡①♦ ② ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✽ s❡ s✐❣✉❡ q✉❡ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳

❖❜s❡r✈❛❝✐ó♥✳
❊♥ ❡❧ ❝❛s♦ q✉❡ f : X −→ R ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ ∈ X✱ s❡ t✐❡♥❡♥ ❧❛s
✐♠♣❧✐❝❛❝✐♦♥❡s✿ f ❝♦♥✈❡①❛ =⇒f ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ t♦❞♦ x¯ ∈ X =⇒ f ❡s ❝✉❛s✐❝♦♥✈❡①❛✳
✻✾
❚❡♦r❡♠❛ ✹✳✶✷✳ ❙❡❛♥ (X, ‖ ‖) ✉♥ ❡✳✈✳♥✱ S ⊆ X ✉♥ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥♦ ✈❛❝í♦✱ U ⊆ X ✉♥
❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ q✉❡ ❝♦♥t✐❡♥❡ ❛ S ② f : U −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙✉♣♦♥❣❛♠♦s q✉❡✿
✭✐✮ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ∈ S✳
✭✐✐✮ f ❡s ❞✐r❡❝❝✐♦♥❛❧♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡ ② ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ x¯✳
✭✐✐✐✮ f ′(x¯)h ≥ 0 ♣❛r❛ t♦❞♦ h ∈ T (S, x¯)✳
❊♥t♦♥❝❡s x¯ = argmin
x∈S
f(x)✳
❉❡♠♦str❛❝✐ó♥✳
❈♦♠♦ S ❡s ❡str❡❧❧❛❞♦ r❡s♣❡❝t♦ ❛ x¯ ♣♦r ❡❧ ▲❡♠❛ ✹✳✷ t❡♥❡♠♦s q✉❡ S − {x¯} ⊆ T (S, x¯)✳ ❆sí ♣♦r
❧❛ ❤✐♣ót❡s✐s (ii) s❡ ❝✉♠♣❧❡ f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S ② ♣♦r ❧❛ ♣s❡✉❞♦❝♦♥✈❡①✐❞❛❞ ❞❡ f
t❡♥❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ f(x)− f(x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ x¯ = argmin
x∈S
f(x)✳

❉❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❚❡♦r❡♠❛s ✹✳✶✷ ② ✸✳✻✲(i) t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥✳
❈♦r♦❧❛r✐♦ ✹✳✶✸✳ ❙❡❛♥ X ✉♥ ❡✳✈✳♥✱ S ⊆ X ♥♦ ✈❛❝í♦ ② f : S −→ R ✉♥❛ ❢✉♥❝✐♦♥❛❧✳ ❙✐ f ♣♦s❡❡
❞❡r✐✈❛❞❛ ❞✐r❡❝❝✐♦♥❛❧ ❡♥ x¯ ∈ S ❡♥ t♦❞❛ ❞✐r❡❝❝✐ó♥ x − x¯ ❝♦♥ x ∈ S ② ❡s ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♥ x¯
❡♥t♦♥❝❡s x¯ = argmin
x∈S
f(x) s✐ ② só❧♦ s✐ f ′(x¯)(x− x¯) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ S✳
✹✳✹✳ ❊❧ t❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ✉♥❛ ❡①t❡♥s✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦✱ ♠✉② ❡♠♣❧❡❛❞♦ ❡♥
♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❡♥ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✱ ❛ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ❞❡ ❝✉❛❧q✉✐❡r ❞✐♠❡♥✲
s✐ó♥✱ s♦❜r❡ ❢✉♥❝✐♦♥❛❧❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s✱ s✐❡♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡
♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ r❡str✐♥❣✐❞❛ ❝♦♥ ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r❡s✳
❚❡♦r❡♠❛ ✹✳✶✹✳ ✭❚❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✮
❙❡❛♥ (X, ‖ ‖X) ② (Z, ‖ ‖Z) ❞♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ r❡❛❧❡s ② h : X −→ Z ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❢❛❝t✐❜❧❡ S = {x ∈ X/h(x) = 0Z} ② ❡❧ ♣✉♥t♦ x¯ ∈ S✳ ❙✉♣♦♥❣❛♠♦s
q✉❡✿
✭✐✮ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ x¯✳
✭✐✐✮ h′(·) ❡s ❝♦♥t✐♥✉❛ ❡♥ x¯✳
✭✐✐✐✮ h′(x¯) ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ s♦❜r❡②❡❝t✐✈❛✳
❊♥t♦♥❝❡s W = {x ∈ X/h′(x¯)x = 0Z} ❡s ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ T (S, x¯✮✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❤✐♣ót❡s✐s (iii) ❧❛ ❛♣❧✐❝❛❝✐ó♥ h′(x¯) ❡s ❧✐♥❡❛❧✱ ❝♦♥t✐♥✉❛ ② s♦❜r❡②❡❝t✐✈❛✳ ❆sí ♣♦r ❡❧ t❡♦r❡♠❛
❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛ ✭❚❡♦r❡♠❛ ✶✳✶✼✮ h′(x¯) ❡s ✉♥❛ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ❛❜✐❡rt❛✳ ❈♦♠♦ B(0X , 1)
✼✵
❡s ❛❜✐❡rt♦ ❡♥ X ❡♥t♦♥❝❡s h′(x¯)(B(0X , 1)) ❡s ❛❜✐❡rt♦ ❡♥ Z ♣♦r t❛♥t♦ ❡①✐st❡ ρ1 > 0 t❛❧ q✉❡
B(0Z , ρ1) ⊆ h′(x¯)(B(0X , 1)) ♣✉❡st♦ q✉❡ 0Z ❡s ♣✉♥t♦ ✐♥t❡r✐♦r ❞❡ h′(x¯)(B(0X , 1))✳
❆✜r♠❛❝✐ó♥ ✶ h′(x¯)(B(0X , 1)) ❡s ❛❝♦t❛❞♦✳
❊♥ ❡❢❡❝t♦✱ s❡❛ w ∈ h′(x¯)(B(0X , 1))✱ ❧✉❡❣♦ ❡①✐st❡ u ∈ B(0X , 1) t❛❧ q✉❡ w = h′(x¯)u✳ ❈♦♠♦
h′(x¯) ∈ L(X,Z)✱ t❡♥❡♠♦s q✉❡
‖w‖Z =
∥∥h′(x¯)u∥∥
Z
≤ ∥∥h′(x¯)∥∥
Z⋆
‖u‖X ≤
∥∥h′(x¯)∥∥
r❡s✉❧t❛♥❞♦ q✉❡ w ∈ B(0Z , ‖h′(x¯)‖Z⋆)✱ ❞❡♠♦str❛♥❞♦ ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳
❈♦♥s✐❞❡r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦
Γ = {ρ > 0/B(0z, ρ) ⊆ h′(x¯)(B(0X , 1))}
❈❧❛r❛♠❡♥t❡ ρ1 ∈ Γ✱ ❛sí Γ ❡s ♥♦ ✈❛❝í♦ ② ♣♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✶✱ ❛❝♦t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡✳ ❙❡❛
ρ0 = sup Γ✳ ❈♦♥s✐❞❡r❡♠♦s ǫ ∈ (0, ρ02 ) ❛r❜✐tr❛r✐♦✳ P♦r ❧❛ ❤✐♣ót❡s✐s (ii) ❡①✐st❡ δ > 0 t❛❧ q✉❡
∥∥h′(x˜)− h′(x¯)∥∥
L(X,Z)
≤ ǫ ✭✹✳✷✶✮
♣❛r❛ t♦❞♦ x˜ ∈ B(x¯, 2δ)✳ ❚♦♠❡♠♦s x˜1, x˜2 ∈ B(x¯, 2δ)✱ ❝♦♠♦ h(x˜2)−h(x˜1)−h′(x¯)(x˜2− x˜1) ∈ Z
♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✾✱ ❡①✐st❡ l ∈ Z⋆ t❛❧ q✉❡ ‖l‖Z⋆ = 1 ②
l(h(x˜2)− h(x˜1)− h′(x¯)(x˜2 − x˜1)) =
∥∥h(x˜2)− h(x˜1)− h′(x¯)(x˜2 − x˜1)∥∥Z ✭✹✳✷✷✮
❉❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥
ϕ : [0, 1] −→ R
t 7−→ ϕ(t) = l(h(x˜1 + t(x˜2 − x˜1)− th′(x¯)(x˜2 − x˜1))
❉❛❞♦ q✉❡ l ∈ Z⋆ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ϕ(t) ❝♦♠♦
ϕ(t) = (l ◦ h)(x˜1 + t(x˜2 − x˜1))− t(l ◦ h′(x¯)(x˜2 − x˜1))
♣❛r❛ ❝❛❞❛ t ∈ [0, 1]✳ ❖❜s❡r✈❡♠♦s q✉❡ ϕ(0) = l ◦ h(x˜1) ② ϕ(1) = l(h(x˜2)− h′(x¯)(x˜2 − x˜1))✳ P♦r
❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ B(x¯, 2δ) t❡♥❡♠♦s q✉❡ x˜1 + t(x˜2 − x˜1) ∈ B(x¯, 2δ) ♣❛r❛ t♦❞♦ t ∈ [0, 1] ② ♣♦r
❤✐♣ót❡s✐s h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ x¯✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ϕ ❡s
❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ (0, 1) ② ♣♦r ❧❛ r❡❣❧❛ ❞❡ ❧❛ ❝❛❞❡♥❛ ❧♦❣r❛♠♦s
✼✶
ϕ′(t) = l(h′(x˜1 + t(x˜2 − x˜1))(x˜2 − x˜1)− l(h′(x¯)(x˜2 − x˜1))
= l(h′(x˜1 + t(x˜2 − x˜1))(x˜2 − x˜1)− h′(x¯)(x˜2 − x˜1)) ✭✹✳✷✸✮
▲✉❡❣♦✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ♣❛r❛ ❞❡r✐✈❛❞❛s✱ ❡①✐st❡ t¯ ∈ (0, 1) t❛❧ q✉❡ ϕ(1)− ϕ(0) =
ϕ′(t¯)✳ ◆♦t❡♠♦s q✉❡
ϕ(1)− ϕ(0) = l(h(x˜2)− h′(x¯)(x˜2 − x˜1))− l ◦ h(x˜1) ✭✹✳✷✹✮
P♦r ❧♦ t❛♥t♦ ❞❡ ✭✹✳✷✶✮✱ ✭✹✳✷✷✮✱ ✭✹✳✷✸✮ ② ✭✹✳✷✹✮ ❝♦♥s❡❣✉✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
∥∥h(x˜2)− h(x˜1)− h′(x¯)(x˜2 − x˜1)∥∥Z = l(h(x˜2)− h(x˜1)− h′(x¯)(x˜2 − x˜1))
= ϕ(1)− ϕ(0)
= ϕ′(t¯)
= l(h′(x˜1 + t¯(x˜2 − x˜1))(x˜2 − x˜1)− h′(x¯)(x˜2 − x˜1))
≤ ‖l‖Z⋆
∥∥h′(x˜1 + t¯(x˜2 − x˜1))− h′(x¯)∥∥L(X,Z) ‖x˜2 − x˜1‖X
❉❡ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ‖l‖Z⋆ = 1 ② x˜1 + t¯(x˜2 − x˜1) ∈ B(x¯, 2δ) ❧♦❣r❛♠♦s
∥∥h(x˜2)− h(x˜1)− h′(x¯)(x˜2 − x˜1)∥∥Z ≤ ǫ ‖x˜2 − x˜1‖X ✭✹✳✷✺✮
♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ x˜1, x˜2 ∈ B(x¯, 2δ)✳ P♦r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ǫ t❡♥❡♠♦s q✉❡ ǫ
ρ0
<
1
2
✳ ❚♦♠❡♠♦s
α > 1 t❛❧ q✉❡ α
(
ǫ
ρ0
+
1
2
)
< 1✳ ❙❡❛ x ∈ W ✳ ❙✐ x = 0X ❡❧ t❡♦r❡♠❛ s❡ s❛t✐s❢❛❝❡ ♣✉❡st♦ q✉❡
0X ∈ T (S, x¯)✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❝❛s♦ ❡♥ q✉❡ x 6= 0X ② t♦♠❡♠♦s λ ∈ (0, λˆ] ✜❥♦ ♣❡r♦ ❛r❜✐tr❛r✐♦✱
❞♦♥❞❡ λˆ =
δ
‖x‖X
✳ ❈♦♠♦ h′(x¯) ❡s s♦❜r❡②❡❝t✐✈❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❧❛s s✉❝❡s✐♦♥❡s (rn) ② (un) ❞❡
❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
P❛r❛ r1 = 0X ✱ ❡①✐st❡ u1 ∈ X t❛❧ q✉❡ h′(x¯)u1 = h(x¯ + λx + r1)✳ ❉❡✜♥✐♠♦s r2 = r1 − u1✱
♣❛r❛ ❡st❡ ❡❧❡♠❡♥t♦✱ ❡①✐st❡ u2 ∈ X t❛❧ q✉❡ h′(x¯)u2 = h(x¯ + λx + r2)✱ ❞❡❧ ♠✐s♠♦ ♠♦❞♦✱ ♣❛r❛
r3 = r2 − u2 ❡①✐st❡ u3 ∈ X t❛❧ q✉❡ h′(x¯)u3 = h(x¯ + λx + r3)✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣❛r❛ ❝❛❞❛
n ∈ N t❡♥❡♠♦s q✉❡ (rn) ② (un) s❛t✐s❢❛❝❡♥✿
h′(x¯)un = h(x¯+ λx+ rn)
rn+1 = rn − un ✭✹✳✷✻✮
❖❜s❡r✈❡♠♦s q✉❡ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Γ ② α > 1 t❡♥❡♠♦s B(0Z ,
ρ0
α
) ⊆ h′(x¯)(B(0X , 1))✳
❆✜r♠❛❝✐ó♥ ✷ ‖un‖X ≤
α
ρ0
‖h(x¯+ λx+ rn)‖Z ♣❛r❛ t♦❞♦ n ∈ N✳
✼✷
❊♥ ❡❢❡❝t♦✱ s✐ un = 0X ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❡s ❡✈✐❞❡♥t❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡ un 6= 0X ② ❞❡✜♥❛♠♦s
wn =
un
‖un‖X
✳ ❉❡ ❡st❛ ❢♦r♠❛ wn ∈ S(0X , 1)✱ s✐❡♥❞♦ ❡st❡ ❝♦♥❥✉♥t♦ ❧❛ ❢r♦♥t❡r❛ ❞❡ ❧❛ ❜♦❧❛
✉♥✐t❛r✐❛ ❡♥ X. ❆sí t❡♥❡♠♦s
B(0Z ,
ρ0
α
) ⊆ B(0Z , ρ0)
⊆ h′(x¯)(B(0X , 1))
❉❡ ❡st❛ ú❧t✐♠❛ ✐♥❝❧✉s✐ó♥✱ ❝♦♠♦ wn ∈ S(0X , 1) t❡♥❡♠♦s
ρ0
α
≤
∥∥∥∥h′(x¯) un‖un‖X
∥∥∥∥
Z
✭✹✳✷✼✮
P♦r ✭✹✳✷✻✮ ② ✭✹✳✷✼✮ t❡♥❡♠♦s
‖un‖ ≤ α
ρ0
∥∥h′(x¯)un∥∥Z
=
α
ρ0
‖h(x¯+ λx+ rn)‖Z
▲♦❣r❛♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ ❧❛ ❆✜r♠❛❝✐ó♥ ✷✳
❉❡✜♥✐♠♦s d(λ) = ‖h(x¯+ λx)‖Z ② q =
ǫα
ρ0
✳ P♦r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ λ ♦❜t❡♥❡♠♦s
‖λx‖X = λ ‖x‖X
≤ λˆ ‖x‖X
= δ
P♦r ❧♦ t❛♥t♦ ‖λx‖X ≤ δ✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ‖x¯+ λx− x¯‖ ≤ δ < 2δ✳ ▲✉❡❣♦ ♣♦r ❧❛s ❤✐♣ót❡s✐s
s♦❜r❡ x ② x¯✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ② ✭✹✳✷✺✮✱ ❧♦❣r❛♠♦s
d(λ) =
∥∥h(x¯+ λx)− h(x¯)− h′(x¯)(λx)∥∥
Z
≤ ǫ ‖λx‖X ≤ ǫδ ✭✹✳✷✽✮
❈♦♠♦ α > 1 t❡♥❡♠♦s q =
ǫα
ρ0
≤ 1− α
2
<
1
2
✳
❆✜r♠❛❝✐ó♥ ✸ ❙❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿
(a) ‖rn‖X ≤
α
ρ0
d(λ)
(
1− qn−1
1− q
)
✳
(b) ‖h(x¯+ λx+ rn)‖X ≤ d(λ)qn−1✳
(c) ‖un‖X ≤
α
ρ0
d(λ)qn−1✳
♣❛r❛ ❝✉❛❧q✉✐❡r n ∈ N✳ ❊♥ ❡❢❡❝t♦✱ ♣♦r ✐♥❞✉❝❝✐ó♥ ♠❛t❡♠át✐❝❛ s♦❜r❡ n✳ P❛r❛ n = 1 t❡♥❡♠♦s✿
✼✸
(a) ❈♦♠♦ r1 = 0X t❡♥❡♠♦s 0 = ‖r1‖X ≤
α
ρ0
d(λ)(0)✳
(b) ‖h(x¯+ λx+ r1)‖Z = ‖h(x¯+ λx)‖Z = d(λ) ✭♣♦r ❞❡✜♥✐❝✐ó♥ ❞❡ d(λ)✮✳
(c) ❉❡ ❧❛ ❆✜r♠❛❝✐ó♥ ✷ ② (b) t❡♥❡♠♦s
‖u1‖X ≤
α
ρ0
‖h(x¯+ λx+ r1)‖Z
=
α
ρ0
‖h(x¯+ λx)‖Z
=
α
ρ0
d(λ)
❙✉♣♦♥❣❛♠♦s ✈á❧✐❞❛s ❧❛s tr❡s ❛✜r♠❛❝✐♦♥❡s ♣❛r❛ n ✭❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛✮✳ P❛r❛ n+ 1 t❡♥❡♠♦s✱
(a) P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ rn✱ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r ② ❧❛s ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛s (a) ② (c)
❝♦♥s❡❣✉✐♠♦s
‖rn+1‖X = ‖rn − un‖X
≤ ‖rn‖X + ‖un‖X
≤ α
ρ0
d(λ)
(
1− qn−1
1− q
)
+
α
ρ0
d(λ)qn−1
=
α
ρ0
d(λ)
(
1− qn−1
1− q + q
n−1
)
=
α
ρ0
d(λ)
(
1− qn
1− q
)
(b) P♦r ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛✱ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ q ② ✭✹✳✷✽✮ t❡♥❡♠♦s
‖λx+ rn‖X ≤ ‖λx‖X + ‖rn‖X
≤ δ + α
ρ0
d(λ)
(
1− qn−1
1− q
)
≤ δ + α
ρ0
(ǫδ)
(
1− qn−1
1− q
)
✭✹✳✷✾✮
≤ δ + δq
1− q
(
1− qn−1)
≤ δ
(
1 +
q
1− q
{
1− qn−1}) ≤ 2δ
②
‖λx+ rn − un‖X = ‖λx+ rn+1‖X
≤ ‖λx‖X + ‖rn+1‖X
≤ δ + α
ρ0
d(λ)
(
1− qn
1− q
)
✭✹✳✸✵✮
= δ
(
1 +
q
1− q
{
1− qn−1}) ≤ 2δ
✼✹
♣✉❡st♦ q✉❡ ❡❧ ♣r♦❞✉❝t♦
q
1− q
{
1− qn−1} ❡s ♠❡♥♦r q✉❡ 1 ② q = ǫα
ρ0
✳
▲✉❡❣♦✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ un ② ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ h′(x¯) ❝♦♥s❡❣✉✐♠♦s
‖h(x¯+ λx+ rn+1)‖Z = ‖h(x¯+ λx+ rn − un)‖Z
= ‖h(x¯+ λx+ rn)− h(x¯+ λx+ rn) + h(x¯+ λx+ rn − un)‖Z
= ‖−h(x¯)(−un)− h(x¯+ λx+ rn) + h(x¯+ λx+ rn − un)‖Z ✭✹✳✸✶✮
= ‖h(x¯+ λx+ rn − un)− h(x¯+ λx+ rn)− h(x¯)(−un)‖Z
❚♦♠❛♥❞♦ x˜2 = x¯+ λx+ rn − un ② x˜1 = x¯+ λx+ rn✱ ❞❡ ✭✹✳✷✾✮ ② ✭✹✳✸✵✮ ❧♦❣r❛♠♦s
x˜2 − x˜1 = (x¯+ λx+ rn − un)− (x¯+ λx+ rn) = −un
‖x˜2 − x¯‖X = ‖(x¯+ λx+ rn − un)− x¯‖X = ‖λx+ rn − un‖X < 2δ ✭✹✳✸✷✮
‖x˜1 − x¯‖X = ‖λx+ rn‖X =< 2δ
❉❡ ✭✹✳✸✷✮ ❝♦♥❝❧✉✐♠♦s q✉❡ x¯ + λx + rn − un ② x¯ + λx + rn ♣❡rt❡♥❡❝❡♥ ❛ B(x¯, 2δ)✳ ▲✉❡❣♦ ❞❡
✭✹✳✸✶✮✱ ✭✹✳✷✺✮ ② ❧❛ ❤✐♣ót❡s✐s ✐♥❞✉❝t✐✈❛ (c) ♦❜t❡♥❡♠♦s
‖h(x¯+ λx+ rn+1)‖Z ≤ ǫ ‖−un‖
≤ ǫα
ρ0
d(λ)qn−1 = d(λ)qn ✭✹✳✸✸✮
(c) ❉❡ ✭✹✳✸✸✮✱ t❡♥❡♠♦s q✉❡
‖un+1‖X ≤
α
ρ0
‖h(x¯+ λx+ rn+1)‖Z
≤ α
ρ0
d(λ)qn
◗✉❡❞❛♥❞♦ ❞❡♠♦str❛❞❛ ❧❛ ❆✜r♠❛❝✐ó♥ ✸✳
❆✜r♠❛❝✐ó♥ ✹ ▲❛ s✉❝❡s✐ó♥ (rn) ❡s ❞❡ ❈❛✉❝❤② ❡♥ X✳
❊♥ ❡❢❡❝t♦✱ ❝♦♠♦ rn+1 = rn − un ♣❛r❛ n, k ∈ N t❡♥❡♠♦s
‖rn+k − rn‖X = ‖rn+k−1 − un+k−1 − rn‖X
= ‖rn+k−2 − un+k−2 − un+k−1 − rn‖X
= ‖rn − un − un+1 − un+2 − · · · − un+k−2 − un+k−1 − rn‖X ✭✹✳✸✹✮
= ‖un + un+1 + un+2 + · · ·+ un+k−2 + un+k−1‖X
≤ ‖un‖X + ‖un+1‖X + ‖un+2‖X + · · ·+ ‖un+k−2‖X + ‖un+k−1‖X
✼✺
❉❡ ❧❛ ❆✜r♠❛❝✐ó♥ ✸ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✹✮ t❡♥❡♠♦s
‖rn+k − rn‖X ≤ ‖un‖X + ‖un+1‖X + · · ·+ ‖un+k−2‖X + ‖un+k−1‖X
≤ α
ρ0
d(λ)qn−1 +
α
ρ0
d(λ)qn + · · ·+ α
ρ0
d(λ)qn+k−3 +
α
ρ0
d(λ)qn+k−2
=
α
ρ0
d(λ)qn−1
{
1 + q + · · ·+ qk−2 + qk−1
}
✭✹✳✸✺✮
=
α
ρ0
d(λ)qn−1
{
1− qk
1− q
}
<
α
ρ0
d(λ)qn−1
{
1
1− q
}
=
α
ρ0
d(λ)
qn−1
1− q
♣✉❡st♦ q✉❡ 1 − qk < 1✳ P♦r ❧♦ t❛♥t♦ ‖rn+k − rn‖X <
α
ρ0
d(λ)
qn−1
1− q ✳ ❍❛❝✐❡♥❞♦ t❡♥❞❡r n → ∞
❡❧ tér♠✐♥♦ qn−1 t✐❡♥❞❡ ❛ ❝❡r♦✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ‖rn+k − rn‖X → 0 s✐ n → ∞✳ ❉❡ ❞♦♥❞❡✱ ❧❛
s✉❝❡s✐ó♥ (rn) ❡s ❞❡ ❈❛✉❝❤② ❡♥ X✱ ♠♦str❛♥❞♦ ❛sí ❧❛ ❛✜r♠❛❝✐ó♥ ✹✳
❈♦♠♦ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ❡①✐st❡ r(λ) ∈ X t❛❧ q✉❡ l´ım
n→∞
rn = r(λ)✳ ❖❜s❡r✈❡♠♦s q✉❡
❞✐❝❤♦ ❧í♠✐t❡ ❞❡♣❡♥❞❡ ❞❡ λ✳ ❆s✐♠✐s♠♦✱ s✐❡♥❞♦ un = rn+1 − rn✱ ❧❛ s✉❝❡s✐ó♥ (un) ❡s ❝♦♥✈❡r❣❡♥t❡
② ♣♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✸✱ ❧♦❣r❛♠♦s
‖un‖X ≤
α
ρ0
d(λ)qn−1
≤ α
ρ0
(ǫδ)qn−1
≤ δqn
❖❜t❡♥✐❡♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ‖un‖X ≤ δqn✳ ❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ n → ∞ ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥t❡r✐♦r✱ t❡♥❡♠♦s q✉❡ (un)→ 0X ✳
❆✜r♠❛❝✐ó♥ ✺ l´ım
n→∞
r(λ)
λ
= 0X ✳
❊♥ ❡❢❡❝t♦✱ ❝♦♠♦ h′(x¯) ∈ L(X,Z)✱ un −→ 0X ✱ rn −→ r(λ) ② ♣♦r ❧❛ ✐❞❡♥t✐❞❛❞ ✭✹✳✷✻✮ t❡♥❡♠♦s
h(x¯+ λx+ r(λ)) = h′(x¯)(0X) = 0 ✭✹✳✸✻✮
♣✉❡st♦ q✉❡ x¯+ λx+ rn ∈ B(x¯, 2δ)✳ P♦r ❧❛ ❆✜r♠❛❝✐ó♥ ✸✱ ❝♦♥s❡❣✉✐♠♦s
‖rn‖X ≤
α
ρ0
d(λ)
(
1− qn−1
1− q
)
❚♦♠❛♥❞♦ ❧í♠✐t❡ ❝✉❛♥❞♦ n→∞ ❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ② ❞✐✈✐❞✐❡♥❞♦ ♣♦r λ ❝♦♥s❡❣✉✐♠♦s
‖r(λ)‖X
λ
≤ α
λρ0
d(λ)
(
1
1− q
)
✭✹✳✸✼✮
P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ d(λ) ② ❧❛s ❤✐♣ót❡s✐s s♦❜r❡ x¯✱ ❞✐✈✐❞✐❡♥❞♦ ♣♦r ‖x‖X ② ❞❡ ✭✹✳✸✼✮ ❧♦❣r❛♠♦s
✼✻
‖r(λ)‖X
λ
≤ α
ρ0(1− q)
d(λ)
λ
=
α
ρ0(1− q)
‖h(x¯+ λx)− h(x¯)− λh′(x¯)(x)‖Z ‖x‖X
λ ‖x‖X
=
α
ρ0(1− q)
‖h(x¯+ λx)− h(x¯)− h′(x¯)(λx)‖Z
‖λx‖X
‖x‖X ✭✹✳✸✽✮
♣✉❡st♦ q✉❡ h(x¯) = 0 ② h′(x¯)x = 0✳
P♦r ♦tr❛ ♣❛rt❡✱ ❝♦♠♦ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ t❡♥❡♠♦s q✉❡
l´ım
λ→0+
‖h(x¯+ λx)− h(x¯)− h′(x¯)(λx)‖Z
‖λx‖X
= 0 ✭✹✳✸✾✮
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❞❡ ✭✹✳✸✽✮ ② ✭✹✳✸✾✮ t❡♥❡♠♦s l´ım
n→∞
‖r(λ)‖
λ
= 0X ✱ ♠♦str❛♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ ❧❛
❆✜r♠❛❝✐ó♥ ✺✳
❈♦♥s✐❞❡r❡♠♦s ✉♥❛ s✉❝❡s✐ó♥ (λn) ⊆ R+ t❛❧ q✉❡ 0 < λn < λˆ ♣❛r❛ t♦❞♦ n ∈ N ② l´ım
λ→0+
λn = 0✳
❙❡❛♥ ❧❛s s✉❝❡s✐♦♥❡s (µn) ⊆ R+ ② (xn) ⊆ X ❞❡✜♥✐❞❛s ♣♦r
µn =
1
λn
y xn = x¯+ λnx+ r(λn)
♣❛r❛ ❝❛❞❛ n ∈ N✱ ❞♦♥❞❡ r(λn) ❡s ❡❧ ❧í♠✐t❡ ❞❡ ❧❛ s✉❝❡s✐ó♥ (rk) ♣❛r❛ ❡❧ ✈❛❧♦r λn✳ ❈❧❛r❛♠❡♥t❡
µn > 0 ② ♣♦r ✭✹✳✸✻✮ h(xn) = h(x¯ + λnx + r(λn)) = 0Z ✳ ❆sí xn ∈ S ♣❛r❛ t♦❞♦ n ∈ N✳ P♦r ❧❛
❛✜r♠❛❝✐ó♥ ✺ ② ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ (λn) t❡♥❡♠♦s
l´ım
n→∞
xn = l´ım
n→∞
x¯+ λnx+ r(λn)
= l´ım
n→∞
x¯+ λn
{
x+
r(λn)
λn
}
= x¯
② ❛❞❡♠ás
l´ım
n→∞
µn(xn − x¯) = l´ım
n→∞
1
µn
(x¯+ λnx+ r(λn)− x¯)
= l´ım
n→∞
x+
r(λn)
λn
= x
P♦r ❧♦ t❛♥t♦ x ∈ T (S, x¯)✱ ❡s ❞❡❝✐r {x ∈ X/h′(x¯)x = 0z} ⊆ T (S, x¯)✱ q✉❡❞❛♥❞♦ ❞❡♠♦str❛❞♦ ❡❧
❚❡♦r❡♠❛✳

✼✼
❚❡♦r❡♠❛ ✹✳✶✺✳ ❙❡❛♥ (X, ‖·‖X) ② (Z, ‖·‖Z) ❞♦s ❡✳✈✳♥ ② h : X −→ Z ✉♥❛ ❛♣❧✐❝❛❝✐ó♥✳ ❈♦♥✲
s✐❞❡r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦ S = {x ∈ X/h(x) = 0Z} ② x¯ ∈ S✳ ❙✐ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯
❡♥t♦♥❝❡s
T (S, x¯) ⊆W
❞♦♥❞❡ W = {x ∈ X/h′(x¯)x = 0Z}✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ y ∈ T (S, x¯)✳ ❙✐ y = 0X ❡♥t♦♥❝❡s y ∈ W ♣✉❡s h′(x¯) ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧✳ ❙✉♣♦♥❣❛♠♦s
q✉❡ y 6= 0X ✱ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶ ❡①✐st❡♥ ❞♦s s✉❝❡s✐♦♥❡s (xn) ⊆ S ② (λn) ⊆ R+ t❛❧❡s q✉❡
x¯ = l´ım
n→∞
xn ❡ y = l´ım
n→∞
λn(xn − x¯)✳
❈♦♠♦ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯ t❡♥❡♠♦s
h′(x¯)y = h′(x¯)
{
l´ım
n→∞
λn(xn − x¯)
}
= l´ım
n→∞
h′(x¯){λn(xn − x¯)}
= l´ım
n→∞
λnh
′(x¯)(xn − x¯)
= l´ım
n→∞
λn{h(xn)− h(x¯)− (h(xn)− h(x¯)− h′(x¯)(xn − x¯))}
= − l´ım
n→∞
λn ‖xn − x¯‖X {h(xn)− h(x¯)− h′(x¯)(xn − x¯)}
‖xn − x¯‖X
(xn, x¯ ∈ S)
= − l´ım
n→∞
‖yn‖X
{h(xn)− h(x¯)− h′(x¯)(xn − x¯)}
‖xn − x¯‖X
= −‖y‖X {0Z} = 0Z
❝♦♥ ❧♦ ❝✉❛❧ h′(x¯)y = 0Z ✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ y ∈W ✱ ❞❡♠♦str❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛❝✐ó♥✳
❉❡❧ t❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦ ② ❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❜❛❥♦ s✉s r❡s♣❡❝t✐✈❛s ❤✐♣ót❡s✐s✱ t❡♥❡♠♦s ❧❛
✐❣✉❛❧❞❛❞
T (S, x¯) = {x ∈ X/h′(x¯)x = 0Z}
✼✽
❈❛♣ít✉❧♦ ✺
▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ❡♥
❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤
❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❞❡s❛rr♦❧❧❛r❡♠♦s ✉♥❛ ❡①t❡♥s✐ó♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ s✉❥❡t❛ ❛ r❡str✐❝✲
❝✐♦♥❡s ♦ ❝♦♥❞✐❝✐♦♥❡s ❝❛❧✐✜❝❛❞❛s✱ ❞❡♥tr♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥ ♣r✐♥❝✐♣✐♦ ❞❛r❡♠♦s ❧❛s
s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s r❡❢❡r✐❞❛s ❛ ❧❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❝❛❧✐✜❝❛❞❛s ♣❛r❛ ♣r♦❜❧❡✲
♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ r❡str✐♥❣✐❞❛ ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s✳
✺✳✶✳ ❈♦♥♦s ❞✉❛❧❡s ② ❞❡ ♦r❞❡♥ ❡♥ ❡s♣❛❝✐♦s ♥♦r♠❛❞♦s
❉❡✜♥✐❝✐ó♥ ✺✳✶✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧✳
✭✐✮ ❉❡❝✐♠♦s q✉❡ R ❡s ✉♥❛ r❡❧❛❝✐ó♥ ❜✐♥❛r✐❛ ❡♥ X s✐ R ⊆ X ×X✳ ❙✐ (x, y) ∈ R ❡s❝r✐❜✐r❡♠♦s
xRy✳ ❯s❛r❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ ≤ ♣❛r❛ ✐♥❞✐❝❛r ✉♥❛ r❡❧❛❝✐ó♥ ❡♥ X✳
✭✐✐✮ ❙❡❛ ≤ ✉♥❛ r❡❧❛❝✐ó♥ ❜✐♥❛r✐❛ ❡♥ X✳ ❉✐r❡♠♦s q✉❡ ≤ ❡s ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧ ❡♥ X s✐✿
❛✮ x ≤ x ♣❛r❛ t♦❞♦ x ∈ X✳
❜✮ x ≤ y ❡ y ≤ z ❡♥t♦♥❝❡s x ≤ z ♣❛r❛ ❝❛❞❛ x, y, z ∈ X✳
❝✮ x ≤ y ② w ≤ z ❡♥t♦♥❝❡s x+ w ≤ y + z ♣❛r❛ t♦❞♦ x, y, z, w ∈ X✳
❞✮ x ≤ y ② α ∈ R+ ❡♥t♦♥❝❡s αx ≤ αy ♣❛r❛ t♦❞♦ x, y ∈ X✳
✭✐✐✐✮ ❙❡❛ ≤ ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧✳ ❉❡❝✐♠♦s q✉❡ ≤ ❡s ❛♥t✐s✐♠étr✐❝❛ s✐ ♣❛r❛ t♦❞♦ x, y ∈ X t❛❧❡s q✉❡
x ≤ y ❡ y ≤ x s❡ t✐❡♥❡ q✉❡ x = y✳
✭✐✈✮ ❯♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ X ❡q✉✐♣❛❞♦ ❝♦♥ ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧ ❡s ❧❧❛♠❛❞♦ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳
❊❥❡♠♣❧♦s✳
 ❊♥ Rn ❞❡✜♥✐♠♦s ❧❛ r❡❧❛❝✐ó♥
✼✾
≤:= {(x, y) ∈ Rn × Rn/xi ≤ yi ♣❛r❛ ❝❛❞❛ i = 1, 2, · · ·n}
❡♥t♦♥❝❡s Rn ❡s ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♣♦r ≤✳
 ❙❡❛ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ X = {f : [a, b] −→ R/f ❡s ❝♦♥t✐♥✉❛ ❡♥ [a, b]}✳ ❉❡✜♥✐♠♦s ❡❧
♦r❞❡♥ ♣❛r❝✐❛❧ ≤ ❡♥ X ❝♦♠♦
≤:= {(x, y) ∈ X ×X/x(t) ≤ y(t) ♣❛r❛ t♦❞♦ t ∈ [a, b]}
s❡ ❝✉♠♣❧❡ q✉❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♣♦r ≤✳
❚❡♦r❡♠❛ ✺✳✷✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳
✭✐✮ ❙✐ ≤ ❡s ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧ ❡♥ X ❡♥t♦♥❝❡s ❡❧ ❝♦♥❥✉♥t♦ C = {x ∈ X/0X ≤ x} ❡s ✉♥ ❝♦♥♦
❝♦♥✈❡①♦✳ ❆❞❡♠ás s✐ ≤ ❡s ❛♥t✐s✐♠étr✐❝❛ ❡♥t♦♥❝❡s C ❡s ❝♦♥♦ ♣✉♥t✉❛❧✳
✭✐✐✮ ❙✐ C ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦ ❡♥ X ❡♥t♦♥❝❡s ≤:= {(x, y) ∈ X × X/y − x ∈ C} ❡s ✉♥ ♦r❞❡♥
♣❛r❝✐❛❧ ❡♥ X✳ ❆❞❡♠❛s s✐ C ❡s ♣✉♥t✉❛❧ ❡♥t♦♥❝❡s ❡❧ ♦r❞❡♥ ♣❛r❝✐❛❧ ❡s ❛♥t✐s✐♠étr✐❝♦✳
❉❡♠♦str❛❝✐ó♥✳
(i) P♦r ❤✐♣ót❡s✐s ≤ ❡s r❡✢❡①✐✈♦✱ ❛sí 0X ≤ 0X ❞❡ ❞♦♥❞❡ 0X ∈ C ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ C ❡s ♥♦ ✈❛❝í♦✳
❙❡❛♥ x, y ∈ C ❡♥t♦♥❝❡s 0X ≤ x ② 0X ≤ y ♣♦r t❛♥t♦ 0X ≤ x+ y✳ ❆sí x+ y ∈ C✳
P♦r ♦tr❛ ♣❛rt❡ s✐ α > 0 ② 0X ≤ x t❡♥❡♠♦s q✉❡ 0Xα ≤ αx ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ 0X ≤ αx✱ ♣♦r ❧♦
t❛♥t♦ αx ∈ C✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡✱ C ❡s ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦✳
❙✉♣♦♥❣❛♠♦s q✉❡ ≤ ❡s ❛♥t✐s✐♠étr✐❝❛ ② ❛❞❡♠ás x,−x ∈ C ❡s ❞❡❝✐r 0X ≤ x ② 0X ≤ −x✳ ❉❡
❡st❛ ú❧t✐♠❛ r❡❧❛❝✐ó♥ ② ♣♦r ❧❛ r❡✢❡①✐✈✐❞❛❞ ❞❡ ≤ t❡♥❡♠♦s x ≤ 0X ✳ P♦r ❧♦ t❛♥t♦ x = 0X ✳ ❊♥
❝♦♥s❡❝✉❡♥❝✐❛ ♣♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✷✽ (ii) t❡♥❡♠♦s q✉❡ C ❡s ❝♦♥♦ ♣✉♥t✉❛❧✳
(ii) ❙❡❛ C ✉♥ ❝♦♥♦ ❝♦♥✈❡①♦✳ ❈♦♠♦ 0X ∈ C ❡♥t♦♥❝❡s x−x ∈ C ♣♦r ❧♦ t❛♥t♦ x ≤ x✳ ❙❡❛♥ x ≤ y
❡ y ≤ z ❡♥t♦♥❝❡s y−x ∈ C ② z− y ∈ C ❝♦♠♦ C ❡s ❝♦♥♦ ❝♦♥✈❡①♦ z−x ∈ C✱ ❝♦♥ ❧♦ ❝✉❛❧ x ≤ z✳
P♦r ♦tr❛ ♣❛rt❡ s✐ x ≤ y ② w ≤ z ❡♥t♦♥❝❡s y − x ∈ C ② z − w ∈ C ② ♣♦r s❡r C ❝♦♥♦ ❝♦♥✈❡①♦
t❡♥❡♠♦s q✉❡ (y + z)− (x+ w) = y − z + z − w ∈ C✱ ♣♦r ❧♦ t❛♥t♦ x+ w ≤ y + z.
❆❞❡♠ás s✐ x ≤ y ② α ≥ 0 t❡♥❡♠♦s q✉❡ α(y − x) ∈ C✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ αx ≤ αy✳ ▼♦str❛♥❞♦
❞❡ ❡st❛ ❢♦r♠❛ q✉❡ ≤ ❡s ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧✳
❋✐♥❛❧♠❡♥t❡✱ s✐ C ❡s ♣✉♥t✉❛❧ ② y ≤ x ② x ≤ y t❡♥❡♠♦s q✉❡ y − x ∈ X ② −(y − x) = x− y ∈ C
❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ x− y = 0,❡s ❞❡❝✐r x = y ❝♦♥ ❧♦ ❝✉❛❧ ≤ ❡s ❛♥t✐s✐♠étr✐❝❛✳

❊❧ t❡♦r❡♠❛ ✺✳✷ ❞❛ ♦r✐❣❡♥ ❛ ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s✳
❉❡✜♥✐❝✐ó♥ ✺✳✸✳ ❯♥ ❝♦♥♦ ❝♦♥✈❡①♦ C q✉❡ ❞❡✜♥❡ ✉♥ ♦r❞❡♥ ♣❛r❝✐❛❧ ❡♥ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧
X ❡s ❧❧❛♠❛❞♦ ✉♥ ❝♦♥♦ ❞❡ ♦r❞❡♥ ✭♦ ❝♦♥♦ ♣♦s✐t✐✈♦✮ ❡♥ X✳
✽✵
❊❥❡♠♣❧♦s✳
 ❊♥ Rn ❡❧ ❝♦♥♦ C = {x ∈ Rn/xi ≥ 0 ♣❛r❛ t♦❞♦ i} ❡s ✉♥ ❝♦♥♦ ❞❡ ♦r❞❡♥✳
 ❊♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s C = {x ∈ C([a, b])/x(t) ≥ 0 ∀t ∈ [a, b]} ❡s ✉♥ ❝♦♥♦
❞❡ ♦r❞❡♥✳
❉❡✜♥✐❝✐ó♥ ✺✳✹✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ r❡❛❧ ❝♦♥ ✉♥ ❝♦♥♦ ❞❡ ♦r❞❡♥ C✳ ❉❡✜♥✐♠♦s ❡❧ ❝♦♥♦
C ′ = {l ∈ X ′/l(x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ C}
❞❡♥♦♠✐♥❛❞♦ ❝♦♥♦ ❞✉❛❧ ❛❧❣❡❜r❛✐❝♦ ❞❡ C ❡♥ X ′✳
❖❜s❡r✈❛❝✐ó♥✳
❙✐ (X, ‖ ‖) ❡s ✉♥ ❡s♣❛❝✐♦ ♥♦r♠❛❞♦✱ ❞❡✜♥✐♠♦s ❡❧ ❝♦♥♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦
C⋆ = {l ∈ X⋆/l(x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ C}
✺✳✷✳ ❋♦r♠✉❧❛❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥ r❡str✐❝❝✐♦✲
♥❡s ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤
❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❢♦r♠✉❧❛♥ ❧❛s ❤✐♣ót❡s✐s ② s❡ ♣❧❛♥t❡❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥❞✐❝✐♦♥❛❞❛
❞❡ ❢✉♥❝✐♦♥❛❧❡s ❞❡✜♥✐❞❛s ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❍✐♣ót❡s✐s ●❡♥❡r❛❧❡s ✭❍●✮
❙❡❛♥ (X, ‖ ‖X) ② (Z, ‖ ‖Z) ❞♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ r❡❛❧❡s✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ❡s♣❛❝✐♦ r❡❛❧ ♥♦r✲
♠❛❞♦ (Y, ‖ ‖Y ) ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❜❛❥♦ ❡❧ ❝♦♥♦ ❞❡ ♦r❞❡♥ C ⊆ Y q✉❡ s❛t✐s❢❛❝❡
◦
C 6= ∅✳
❙❡❛ Sˆ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❞❡ X ❝♦♥ ✐♥t❡r✐♦r ♥♦ ✈❛❝í♦✳ ❈♦♥s✐❞❡r❡♠♦s f : X −→ R ✉♥❛
❢✉♥❝✐♦♥❛❧✱ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s g : X −→ Y ② h : X −→ Z ② ❡❧ ❝♦♥❥✉♥t♦
S = {x ∈ Sˆ/g(x) ∈ −C ∧ h(x) = 0Z}
q✉❡ s❡rá ❞❡♥♦♠✐♥❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ r❡str✐❝❝✐♦♥❡s ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐❝✐♦♥❡s ❝❛❧✐✜❝❛❞❛s✳
❇❛❥♦ ❡st♦s s✉♣✉❡st♦s ❡ ❤✐♣ót❡s✐s ❣❡♥❡r❛❧❡s✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♥
r❡str✐❝❝✐♦♥❡s ❣❡♥❡r❛❧✐③❛❞❛s mı´n
x∈S
f(x) ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ X✳
✺✳✸✳ ❈♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ❞❡ ♦♣t✐♠❛❧✐❞❛❞
❇❛❥♦ ❧❛s ❤✐♣ót❡s✐s ❣❡♥❡r❛❧❡s ✭❍●✮ ♣r❡s❡♥t❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❧♦s ♣✉♥t♦s
♠✐♥✐♠✐③❛♥t❡s ❞❡ f ❡♥ S✳ ❊st❛s ❝♦♥❞✐❝✐♦♥❡s s❡ ❞❡♥♦♠✐♥❛♥ r❡❣❧❛ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡
❣❡♥❡r❛❧✐③❛❞❛s✳ ❊♥ ♣r✐♥❝✐♣✐♦✱ ✉s❛♥❞♦ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✹ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳
✽✶
▲❡♠❛ ✺✳✺✳ ❙✉♣♦♥❣❛♠♦s ✈á❧✐❞❛s ❧❛s ❤✐♣ót❡s✐s ❣❡♥❡r❛❧❡s ✭❍●✮✳ ❈♦♥s✐❞❡r❡♠♦s x¯ = argmı´n
x∈S
f(x)✳
❙✉♣♦♥❣❛♠♦s q✉❡✿
✭✐✮ f ② g s♦♥ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❧❡s ❡♥ x¯✳
✭✐✐✮ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ x¯✳
✭✐✐✐✮ h′(·) ❡s ❝♦♥t✐♥✉❛ ❡♥ x¯✳
✭✐✈✮ h′(x¯) ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ s♦❜r❡②❡❝t✐✈❛✳
❊♥t♦♥❝❡s ♥♦ ❡①✐st❡ x ∈ ˚ˆS t❛❧ q✉❡ f ′(x¯)(x−x¯) < 0❀ g(x¯)+g′(x¯)(x−x¯) ∈ −C˚ ② h′(x¯)(x−x¯) = 0Z ✳
❉❡♠♦str❛❝✐ó♥✳
❙❡❛ x¯ = argmı´n
x∈S
f(x) ② t♦♠❡♠♦s x ∈ ˚ˆS t❛❧ q✉❡✿
x 6= x¯, g(x¯) + g′(x¯)(x− x¯) ∈ −C˚ y h′(x¯)(x− x¯) = 0Z .
❱❡❛♠♦s q✉❡ f ′(x¯)(x − x¯) ≥ 0✳ ❊♥ ❡❢❡❝t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ❝♦♥❥✉♥t♦ S˜ = {x ∈ X/h(x) = 0Z}✳
❈♦♠♦ h′(x¯)(x − x¯) = 0Z ✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ▲②✉st❡r♥✐❦ t❡♥❡♠♦s q✉❡ x − x¯ ∈ T (Sˆ, x¯)✳ P♦r
❧❛ ❉❡✜♥✐❝✐ó♥ ✹✳✶ ❡①✐st❡♥ ❞♦s s✉❝❡s✐♦♥❡s (xn) ⊆ Sˆ ② (λn) ⊆ R+ t❛❧❡s q✉❡ x¯ = l´ım
n→∞
xn ②
x− x¯ = l´ım
n→∞
λn(xn − x¯)✳ ❙❡❛ ❧❛ s✉❝❡s✐ó♥ (yn) ⊆ X ❞❡✜♥✐❞❛ ♣♦r yn = λn(xn − x¯)✳ ❈❧❛r❛♠❡♥t❡
♣♦r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s q✉❡ x = l´ım
n→∞
xn + yn✳ ❉❛❞♦ q✉❡ x ∈ ˚ˆS✱ ♣♦r ❡❧ ▲❡♠❛
✶✳✺✲(i)✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ≥ n0 s❡ ❝✉♠♣❧❡ q✉❡ x¯+ yn ∈ Sˆ✳
❈♦♠♦ x − x¯ 6= 0X ✱ ❧❛ s✉❝❡s✐ó♥ 1
λn
→ 0 s✐ n → ∞✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❡①✐st❡ n1 ∈ N t❛❧ q✉❡
0 <
1
λn
< 1 ♣❛r❛ t♦❞♦ n ≥ n1. ❙❡❛ n2 = ma´x{n0, n1}✱ s✐ n ≥ n2 ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ Sˆ ② ❧❛
❞❡✜♥✐❝✐ó♥ ❞❡ yn t❡♥❡♠♦s
xn = x¯+
1
λn
yn
= x¯+
1
λn
(yn + x¯− x¯)
= (1− 1
λn
)x¯+
1
λn
(yn + x¯) ∈ Sˆ
P♦r ❧♦ t❛♥t♦✱ s✐ n ≥ n2 t❡♥❡♠♦s q✉❡ xn ∈ Sˆ ∩ S˜✳ P♦r ♦tr❛ ♣❛rt❡ ❝♦♠♦ xn − x¯ = 1
λn
yn✱
♦❜t❡♥❡♠♦s ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ g′(x¯)
g(xn) = g(xn)− g′(x¯)(xn − x¯) + 1
λn
g′(x¯)yn
= g(xn)− g(x¯)− g′(x¯)(xn − x¯) + 1
λn
g′(x¯)yn − 1
λn
g′(x¯)(x− x¯) + 1
λn
g(x¯)
+
1
λn
g′(x¯)(x− x¯) + g(x¯)− 1
λn
g(x¯). ✭✺✳✶✮
♣❛r❛ ❝❛❞❛ n ∈ N✳
✽✷
❉❡ ❡st❛ ú❧t✐♠❛ ❡①♣r❡s✐ó♥✱ r❡♦r❞❡♥❛♥❞♦ ❧♦s tér♠✐♥♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❧♦❣r❛♠♦s ❧❛ ✐❞❡♥t✐❞❛❞
g(xn) =
1
λn
{λn(g(xn)− g(x¯)− g′(x¯)(xn − x¯)) + g′(x¯)(yn − (x− x¯))
+ g(x¯) + g′(x¯)(x− x¯)}+ (1− 1
λn
)g(x¯), ✭✺✳✷✮
♣❛r❛ t♦❞♦ n ∈ N✳
❈♦♠♦ λn =
‖yn‖
‖xn − x¯‖ ② ♣♦r ❧❛ ❤✐♣ót❡s✐s (i) s♦❜r❡ g ♦❜t❡♥❡♠♦s
l´ım
n→∞
λn(g(xn)− g(x¯)− g′(x¯)(xn − x¯)) = l´ım
n→∞
‖yn‖ (g(xn)− g(x¯)− g′(x¯)(xn − x¯))
‖xn − x¯‖
= 0 ✭✺✳✸✮
♣✉❡st♦ q✉❡ g ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ x¯✳ ❈♦♠♦ g′(x¯) ∈ L(X,Y ) ② yn −→ x− x¯ s✐ n→∞✱
t❡♥❡♠♦s q✉❡
l´ım
n→∞
g′(x¯)(yn − (x− x¯)) = 0 ✭✺✳✹✮
❉❡ ❧❛s ❝♦♥✈❡r❣❡♥❝✐❛s ✭✺✳✸✮ ② ✭✺✳✹✮ ❧♦❣r❛♠♦s
l´ım
n→∞
λn(g(xn)− g(x¯)− g′(x¯)(xn − x¯)) + g′(x¯)(yn − (x− x¯)) = 0 ✭✺✳✺✮
❉❡ ✭✺✳✺✮ t❡♥❡♠♦s q✉❡ ❧❛ s✉❝❡s✐ó♥
wn = λn(g(xn)− g(x¯)− g′(x¯)(xn − x¯)) + g′(x¯)(yn − (x− x¯)) + g(x¯) + g′(x¯)(x− x¯)
❝♦♥✈❡r❣❡ ❛ g(x¯) + g′(x¯)(x− x¯) ❝✉❛♥❞♦ n→∞✳
P♦r ❤✐♣ót❡s✐s g(x¯) + g′(x¯)(x − x¯) ∈ −C˚✱ ♥✉❡✈❛♠❡♥t❡ ♣♦r ❡❧ ▲❡♠❛ ✶✳✺ ❡①✐st❡ n3 ∈ N t❛❧
q✉❡ wn ∈ −C ♣❛r❛ t♦❞♦ n ≥ n3✳ ❈♦♠♦ g(x¯) ∈ −C s✐ n ≥ ma´x{n3, n2} ♦❜t❡♥❡♠♦s ♣♦r ❧❛
❝♦♥✈❡①✐❞❛❞ ❞❡ −C ② ❧❛ ✐❞❡♥t✐❞❛❞ ✭✺✳✷✮ q✉❡
g(xn) =
1
λn
{λn(g(xn)− g(x¯)− g′(x¯)(xn − x¯)) + g′(x¯)(yn − (x− x¯))
+ g(x¯) + g′(x¯)(x− x¯)}+ (1− 1
λn
)g(x¯) ∈ −C
❆sí✱ s✐ n ≥ ma´x{n3, n2} t❡♥❡♠♦s q✉❡ xn ∈ {x ∈ Sˆ/g(x) ∈ −C ∧ h(x) = 0Z} = S✳ P♦r ❧♦
t❛♥t♦✱ ❡①✐st❡♥ (xn) ⊆ S ② (λn) ⊆ R+ t❛❧❡s q✉❡
✽✸
x¯ = l´ım
n→∞
xn ② x− x¯ = l´ım
n→∞
λn(xn − x¯)
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ x − x¯ ∈ T (S, x¯)✳ ▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✹✳✽ t❡♥❡♠♦s f ′(x¯)(x − x¯) ≥ 0✱
♠♦str❛♥❞♦ ❛sí ❡❧ ▲❡♠❛✳

❚❡♦r❡♠❛ ✺✳✻✳ ✭❚❡♦r❡♠❛ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✮
❙✉♣♦♥❣❛♠♦s ✈á❧✐❞❛s ❧❛s ❤✐♣ót❡s✐s ❣❡♥❡r❛❧❡s ✭❍●✮✳ ❙❡❛ x¯ = argmı´n
x∈S
f(x)✳ ❙✐ s❡ ❝✉♠♣❧❡♥✿
✭✐✮ f ② g s♦♥ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ x¯✳
✭✐✐✮ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ x¯✳
✭✐✐✐✮ h′(·) ❡s ❝♦♥t✐♥✉❛ ❡♥ x¯✳
✭✐✈✮ h′(x¯)X ❡s ❝❡rr❛❞♦ ❡♥ Z✳
❊♥t♦♥❝❡s ❡①✐st❡♥ µ ≥ 0✱ l1 ∈ C⋆✱ l2 ∈ Z⋆ ❝♦♥ (µ, l1, l2) 6= (0, 0Y ′ , 0Z′) t❛❧❡s q✉❡
(µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯))(x− x¯) ≥ 0
♣❛r❛ t♦❞♦ x ∈ Sˆ ② l1 ◦ g(x¯) = 0✱ s✐❡♥❞♦ C⋆ ❡❧ ❝♦♥♦ ❞✉❛❧ ❞❡ C✳ ❆❞❡♠ás✱ s✐
(
g′(x¯)
h′(x¯)
)
cono
(
Sˆ − {x¯}
)
+ cono
(
C + {g(x¯)}
{0Z}
)
= Y × Z
❡♥t♦♥❝❡s µ > 0✳
❉❡♠♦str❛❝✐ó♥✳
❊♥ ♣r✐♥❝✐♣✐♦ ✈❡❛♠♦s ❧❛ ♣r✐♠❡r❛ ❛✜r♠❛❝✐ó♥✳ ❈♦♥s✐❞❡r❡♠♦s ❞♦s ❝❛s♦s✿
❈❛s♦ ✶✿ h′(x¯) ♥♦ ❡s s♦❜r❡②❡❝t✐✈❛✳
❊♥ ❡❢❡❝t♦✱ ♣♦r ❧❛ s✉♣♦s✐❝✐ó♥ ❞❡❧ ❝❛s♦✱ ❡①✐st❡ z¯ ∈ Z t❛❧ q✉❡ z¯ /∈ h′(x¯)X ② s✐❡♥❞♦ ❡st❡ ✉♥ ❝♦♥❥✉♥t♦
❝❡rr❛❞♦ ② ❝♦♥✈❡①♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹✽ ❡①✐st❡ l2 ∈ Z⋆ \ {0Z} t❛❧ q✉❡
l2(z¯) < ı´nf
z∈h′(x¯)X
l2(z)
❙❡❛ z ∈ h′(x¯)X ❡♥t♦♥❝❡s ♣♦r ❧❛ ❧✐♥❡❛❧✐❞❛❞ ❞❡ l2 s❡ ♦❜t✐❡♥❡
l2(z¯) < l2(λz)
= λl2(z)
✽✹
♣❛r❛ t♦❞♦ λ ∈ R✳ ❚♦♠❛♥❞♦ λ = 0 ❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s l2(z¯) < 0 ② l2(z¯)
λ
< l2(z)✳
❉❡ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞ t♦♠❛♥❞♦ ❧♦s ❧í♠✐t❡s ❝✉❛♥❞♦ λ → +∞ ② λ → −∞ r❡s✉❧t❛ q✉❡
l2(z) ≤ 0 ② l2(z) ≥ 0✱ ❧♦❣r❛♥❞♦ ❞❡ ❡st❛ ♠❛♥❡r❛ q✉❡ l2(z) = 0 ♣❛r❛ ❝❛❞❛ z ∈ h′(x¯)X. ❉❡ ❡st❡
♠♦❞♦ t❡♥❡♠♦s l2(h′(x¯)x) = 0 ♣❛r❛ t♦❞♦ x ∈ X✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ l2 ◦ h′(x¯) = 0X⋆ ✳ ❊❧✐❣✐❡♥❞♦
µ = 0✱ l1 = 0Y ⋆ ② l2 ∈ Z⋆ t❡♥❡♠♦s q✉❡ (µ, l1, l2) 6= (0, 0Y ⋆ , 0Z⋆) ②
(µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯))(x− x¯) = l2 ◦ h′(x¯)(x− x¯)
= 0
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❆❞❡♠ás l1(g(x¯)) = 0✳
❈❛s♦ ✷✿ h′(x¯) ❡s s♦❜r❡②❡❝t✐✈❛✳
❊♥ ❡st❡ ❝❛s♦ t❡♥❡♠♦s q✉❡ h′(x¯)X = X✳ ❊♥ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ♣r♦❞✉❝t♦ R×Y×Z ❝♦♥s✐❞❡r❡♠♦s
❡❧ ❝♦♥❥✉♥t♦
M = {(f ′(x¯)(x− x¯)+α, g(x¯)+g′(x¯)(x− x¯)+y, h′(x¯)(x− x¯)) ∈ R×Y ×Z/x ∈ ˚ˆS, α > 0, y ∈ C˚}
P♦r ❤✐♣ót❡s✐s f, g ② h s♦♥ ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ x¯ ② ❛❞❡♠ás ˚ˆS ⊆ X✱ C˚ ⊆ Y s♦♥ ❝♦♥❥✉♥t♦s ♥♦ ✈❛❝í♦s✳
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛M ❡s ♥♦ ✈❛❝í♦✳ ❉❡✜♥✐♠♦sW = ˚ˆS−{x¯} ② ❝♦♥s✐❞❡r❛♥❞♦ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❧✐♥❡❛❧❡s
❝♦♥t✐♥✉❛s f ′(x¯)✱ g′(x¯) ② h′(x¯) ♣♦❞❡♠♦s ❡s❝r✐❜✐r
M = R1 × Y1 × Z1
❞♦♥❞❡ R1 = f ′(x¯)(W ) +R+, Y1 = g(x¯) + g′(x¯)(W ) + C˚ ② Z1 = h′(x¯)(W )✳ ❆✜r♠❛♠♦s q✉❡ M
❡s ❛❜✐❡rt♦ ② ❝♦♥✈❡①♦ ❡♥ R× Y × Z✳ ❊♥ ❡❢❡❝t♦✱ ♣♦r ❧❛ ❝♦♥✈❡①✐❞❛❞ ❞❡ ˚ˆS ② ❡❧ ❝♦♥❥✉♥t♦ ✉♥✐t❛r✐♦
{x¯} ♣♦r ❡❧ ▲❡♠❛ ✶✳✷✺✲(ii) ✭t♦♠❛♥❞♦ α = 1 ② β = −1✮✱ t❡♥❡♠♦s q✉❡ W ❡s ❝♦♥✈❡①♦✳ ❆sí ♣♦r ❧❛
❝♦♥✈❡①✐❞❛❞ ❞❡ R+, C˚ ② W ✱ ❞❡❧ ▲❡♠❛ ✶✳✷✺ ♦❜t❡♥❡♠♦s q✉❡ R1, Y1 ② Z1 s♦♥ ❝♦♥✈❡①♦s ❡♥ R✱ Y
② Z r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ M = R1 × Y1 × Z1 ❡s ❝♦♥✈❡①♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♣r♦❞✉❝t♦
R× Y × Z✳
❱❡❛♠♦s q✉❡ M ❡s ❛❜✐❡rt♦✳ ❈♦♠♦ R+ ② C˚ s♦♥ ❛❜✐❡rt♦s✱ t❡♥❡♠♦s q✉❡ R1 ② Y1 s♦♥ ❛❜✐❡rt♦s
❡♥ R ❡ Y r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ♦tr❛ ♣❛rt❡ ❝♦♠♦ W ❡s ❛❜✐❡rt♦ ❡♥ X ② h′(x¯) ❡s ❝♦♥t✐♥✉❛ ②
s♦❜r❡②❡❝t✐✈❛✱ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❛❜✐❡rt❛✱ ❡❧ ❝♦♥❥✉♥t♦ Z1 = h′(x¯)(W ) ❡s ❛❜✐❡rt♦ ❡♥
Z✱ ❛sí ❝♦♥❝❧✉✐♠♦s q✉❡ M ❡s ❛❜✐❡rt♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ♣r♦❞✉❝t♦ R× Y ×Z✱ ♠♦str❛♥❞♦ ❛sí ♥✉❡str❛
❛✜r♠❛❝✐ó♥✳
❆✜r♠❛♠♦s q✉❡ (0, 0Y , 0Z) ♥♦ ♣❡rt❡♥❡❝❡ ❛M ✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ (0, 0Y , 0Z) ♣❡rt❡♥❡③❝❛
❛ M ✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✱ ❡♥t♦♥❝❡s ❡①✐st❡♥ x1 ∈ Sˆ✱ α > 0 ❡ y ∈ C˚ t❛❧❡s q✉❡
(f ′(x¯)(x1 − x¯) + α, g(x¯) + g′(x¯)(x1 − x¯) + y, h′(x¯)(x1 − x¯)) = (0, 0Y , 0Z) ✭✺✳✻✮
✽✺
❉❡ ❧❛ ✐❞❡♥t✐❞❛❞ ✭✺✳✻✮ ❝♦♥s❡❣✉✐♠♦s
f ′(x¯)(x1 − x¯) + α = 0 ✭✺✳✼✮
g(x¯) + g′(x¯)(x1 − x¯) + y = 0Y ✭✺✳✽✮
h′(x¯)(x1 − x¯) = 0Z ✭✺✳✾✮
❉❡ ❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✺✳✼✮ ② ✭✺✳✽✮ ♦❜t❡♥❡♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s f ′(x¯)(x1 − x¯) = −α < 0 ②
g(x¯)+ g′(x¯)(x1− x¯) = −y ∈ −C˚✱ ❡st♦ s✉♠❛❞♦ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ ✭✺✳✾✮ ❝♦♥tr❛❞✐❝❡ ❡❧ ▲❡♠❛ ✺✳✺✳ ❊♥
❝♦♥s❡❝✉❡♥❝✐❛ M ∩ {(0, 0Y , 0Z)} = ∅✳
P♦r ❡❧ t❡♦r❡♠❛ ❞❡ s❡♣❛r❛❝✐ó♥ ❞❡ ❊✐❞❡❧❤❡✐t ✭❚❡♦r❡♠❛ ✶✳✹✼✮ ❡①✐st❡♥ µ ∈ R✱ l1 ∈ Y ⋆, l2 ∈ Z⋆ ②
γ ∈ R t❛❧❡s q✉❡ (µ, l1, l2) 6= (0, 0Y ⋆ , 0Z⋆) ②
µ(f ′(x¯)(x− x¯) + α) + l1(g(x¯) + g′(x¯)(x− x¯) + y) + l2(h′(x¯)(x− x¯)) > γ
≥ µ(0) + l1(0Y ⋆) + l2(0Z⋆) = 0
♣❛r❛ t♦❞♦ x ∈ ˚ˆS✱ α > 0 ❡ y ∈ C˚✳ P♦r ❡❧ ▲❡♠❛ ✶✳✷✻ ❛♣❧✐❝❛❞♦ ❛ ❧♦s ❝♦♥❥✉♥t♦s ˚ˆS, C˚ ② ❧❛
❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛❧❡s t❡♥❡♠♦s q✉❡
µ(f ′(x¯)(x− x¯) + α) + l1(g(x¯) + g′(x¯)(x− x¯) + y) + l2(h′(x¯)(x− x¯)) ≥ γ
≥ 0 ✭✺✳✶✵✮
♣❛r❛ t♦❞♦ x ∈ Sˆ✱ α ≥ 0 ❡ y ∈ C✳
❚♦♠❛♥❞♦ x = x¯✱ ♦❜t❡♥❡♠♦s ❞❡ ✭✺✳✶✵✮
µα+ l1(g(x¯) + y) ≥ 0 ✭✺✳✶✶✮
♣❛r❛ t♦❞♦ α ≥ 0 ❡ y ∈ C✳ ❍❛❝✐❡♥❞♦ α = 1 ❡ y = −g(x¯) ∈ C (x¯ ∈ S) ❡♥ ✭✺✳✶✶✮ t❡♥❡♠♦s q✉❡
µ ≥ 0✳ ❆s✐♠✐s♠♦ s✐ α = 0 ❡♥ ✭✺✳✶✶✮ t❡♥❡♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞ l1(g(x¯) + y) ≥ 0✱ ❝♦♥ ❧♦ ❝✉❛❧
l1(g(x¯)) ≥ −l1(y) ✭✺✳✶✷✮
♣❛r❛ t♦❞♦ y ∈ C✳ ❆✜r♠❛♠♦s q✉❡ l1(y) ≥ 0 ♣❛r❛ t♦❞♦ y ∈ C✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡
y1 ∈ C t❛❧ q✉❡ l1(y1) < 0✳ P♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r t❡♥❡♠♦s q✉❡ l1(g(x¯)) ≥ −l1(y1) > 0✳
P♦r ❤✐♣ót❡s✐s✱ C ❡s ❝♦♥♦✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ λy1 ∈ C ♣❛r❛ t♦❞♦ λ > 0 r❡s✉❧t❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
l1(g(x¯)) ≥ −λl1(y1) ✭✺✳✶✸✮
✽✻
♣❛r❛ t♦❞♦ λ > 0✳ ❚♦♠❛♥❞♦ λ→ +∞ ❡♥ ✭✺✳✶✸✮ t❡♥❡♠♦s q✉❡ l1(g(x¯)) ≥ +∞ ❝♦♥tr❛❞✐❝✐❡♥❞♦ ❧❛
❛❝♦t❛❝✐ó♥ ❞❡ l1✳ P♦r ❧♦ t❛♥t♦ l1(y) ≥ 0 ♣❛r❛ t♦❞♦ y ∈ C✳
P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❝♦♥♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ t❡♥❡♠♦s q✉❡ l1 ∈ C⋆✳ ❚♦♠❛♥❞♦ y = 0 ❡♥ ✭✺✳✶✷✮ s❡
t✐❡♥❡ q✉❡ l1(g(x¯)) ≥ 0✳ P✉❡st♦ q✉❡ x¯ ∈ S ② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r r❡s✉❧t❛ q✉❡ g(x¯) ∈ −C,
❡s ❞❡❝✐r −g(x¯) ∈ C ② ♣♦r ❧❛ ❛✜r♠❛❝✐ó♥ ❛♥t❡r✐♦r l1(−g(x¯)) ≥ 0 ♦❜t❡♥✐❡♥❞♦ l1(g(x¯)) ≤ 0✳ P♦r
❧♦ t❛♥t♦ l1(g(x¯)) = 0✳
❍❛❝✐❡♥❞♦ α = 0 ❡ y = −g(x¯) ❡♥ ✭✺✳✶✵✮ r❡s✉❧t❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
µ(f ′(x¯)(x− x¯)) + l1(g′(x¯))(x− x¯)) + l2(h′(x¯)(x− x¯)) ≥ 0
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛
(
µf ′(x¯) + l1(g
′(x¯)) + l2(h
′(x¯))
)
(x− x¯)) ≥ 0 ✭✺✳✶✹✮
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡
(
g′(x¯)
h′(x¯)
)
cono
(
Sˆ − {x¯}
)
+ cono
(
C + {g(x¯)}
{0Z}
)
= Y × Z
❡♥t♦♥❝❡s ❞❛❞♦s y ∈ Y ② z ∈ Z ❡①✐st❡♥ α, β ≥ 0✱ x ∈ Sˆ ② c ∈ C t❛❧❡s q✉❡
(
y
z
)
=
(
g′(x¯)(α(x− x¯)) + β(c+ g(x¯))
h′(x¯)(α(x− x¯))
)
❡s ❞❡❝✐r
y = g′(x¯)(α(x− x¯)) + β(c+ g(x¯))
z = h′(x¯)((αx− x¯))
❙✉♣♦♥❣❛♠♦s q✉❡ µ = 0 ✭❤✐♣ót❡s✐s ❛✉①✐❧✐❛r✮✳ ❉❡ ✭✺✳✶✹✮ t❡♥❡♠♦s (l1(g′(x¯)) + l2(h′(x¯))) (x−x¯)) ≥
0✱ ♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❈♦♠♦ l1(c) ≥ 0 ② l1(g(x¯)) = 0 t❡♥❡♠♦s
l1(y) + l2(z) = l1(g
′(x¯)(α(x− x¯)) + β(c+ g(x¯)) + l2(h′(x¯)α(x− x¯))
= l1 ◦ g′(x¯)(α(x− x¯)) + βl1(c) + βl1(g(x¯)) + l2 ◦ h′(x¯)(α(x− x¯))
= α
{
l1 ◦ g′(x¯)(x− x¯) + l2 ◦ h′(x¯)(x− x¯)
}
+ βl1(c) ≥ 0
❖❜t❡♥✐é♥❞♦s❡ ❞❡ ❡st❛ ♠❛♥❡r❛ l1(y) + l2(z) ≥ 0 ♣❛r❛ ❝❛❞❛ y ∈ Y ② z ∈ Z✳ ❚♦♠❛♥❞♦ z = 0
t❡♥❡♠♦s q✉❡ l1(y) ≥ 0 ♣❛r❛ t♦❞♦ y ∈ Y ✳ ❍❛❝✐❡♥❞♦ ❡❧ ♠✐s♠♦ ❝á❧❝✉❧♦ ❝♦♥ −y ∈ Y t❡♥❡♠♦s q✉❡
l1(y) ≤ 0 ♣❛r❛ t♦❞♦ y ∈ Y ✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ l1(y) = 0 ♣❛r❛ t♦❞♦ y ∈ Y ❡s ❞❡❝✐r l1 = 0Y ⋆ ✳
❆♥á❧♦❣❛♠❡♥t❡✱ t♦♠❛♥❞♦ y = 0 ❡♥ ❞✐❝❤❛ ❞❡s✐❣✉❛❧❞❛❞ ② ❡❢❡❝t✉❛♥❞♦ ❧♦s ♠✐s♠♦s ♣❛s♦s ❛♥t❡r✐♦r❡s✱
✽✼
❝♦♥❝❧✉✐♠♦s q✉❡ l2 = 0Z⋆ ✳ P♦r ❧♦ t❛♥t♦ (µ, l1, l2) = (0, 0Y ⋆ , 0Z⋆) ❧♦ q✉❡ ❝♦♥tr❛❞✐❝❡ ❧❛ ♣r✐♠❡r❛
♣❛rt❡ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✳ ❉❡ ❡st❛ ❢♦r♠❛ µ > 0✳

❖❜s❡r✈❛❝✐♦♥❡s✳
 ▲❛ ❝♦♥❞✐❝✐ó♥
(
y
z
)
=
(
g′(x¯)(α(x− x¯)) + β(c+ g(x¯))
h′(x¯)(α(x− x¯))
)
= Y × Z
❡s ❧❧❛♠❛❞❛ ❝♦♥❞✐❝✐ó♥ ❞❡ r❡❣✉❧❛r✐❞❛❞ ♦ ❞❡ ❑✉r❝②✉③✲❘♦❜✐♥s♦♥✲❩♦✇❡✳
 ❖❜s❡r✈❡♠♦s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ r❡❣✉❧❛r✐❞❛❞✱ ❡s s♦❧♦ ✉♥❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦
S ✭❝♦♥❥✉♥t♦ ❞❡ r❡str✐❝❝✐♦♥❡s✮ ② ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐♦♥❛❧ ♦❜❥❡t✐✈♦ f ✳ ❙✐ µ = 0
t❡♥❡♠♦s q✉❡
(
l1 ◦ g′(x¯) + l2 ◦ h′(x¯)
)
(x− x¯) ≥ 0
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ r❡❣❧❛ ❞❡ ❧♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♥♦ ❝♦♥t✐❡♥❡
✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛ ❢✉♥❝✐♦♥❛❧ ♦❜❥❡t✐✈♦✱ ❝❛s♦ q✉❡ ♥♦ ❡s ❞❡s❡❛❜❧❡✳
❊♥ ❣❡♥❡r❛❧✱ ❝✉❛♥❞♦ µ > 0✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ❞❡ ♦♣t✐♠❛❧✐❞❛❞ ♣✉❡❞❡ s❡r ❡①♣r❡s❛❞❛ ❝♦♠♦
(
f ′(x¯) +
1
µ
(l1 ◦ g′(x¯)) + 1
µ
(l2 ◦ h′(x¯))
)
(x− x¯) ≥ 0
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❆❞❡♠ás ❝♦♠♦ l1(g(x¯)) = 0 t❡♥❡♠♦s q✉❡ l1
µ
(g(x¯)) = 0✳ ❉❡♥♦t❛♥❞♦ ♣♦r
u =
l1
µ
∈ C⋆ ② v = l2
µ
∈ Z⋆✱ ♦❜t❡♥❡♠♦s ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r
(
f ′(x¯) + u ◦ g′(x¯) + v ◦ h′(x¯)) (x− x¯) ≥ 0 ✭✺✳✶✺✮
♣❛r❛ t♦❞♦ x ∈ Sˆ ② u(g(x¯)) = 0✳ ❉❡✜♥✐♠♦s ❡❧ ❢✉♥❝✐♦♥❛❧ L = f + u ◦ g + v ◦ h✱ ❧❧❛♠❛❞♦ ❡❧
❢✉♥❝✐♦♥❛❧ ❞❡ ▲❛❣r❛♥❣❡ ❣❡♥❡r❛❧✐③❛❞♦✳ ❈♦♠♦ g ② h s♦♥ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s ❡♥ x¯ t❡♥❡♠♦s q✉❡
L′(x¯) = f ′(x¯) + u ◦ g′(x¯) + v ◦ h′(x¯)
❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ♣♦❞❡♠♦s ❡①♣r❡s❛r ✭✺✳✶✺✮ ❝♦♠♦
L′(x¯)(x− x¯) ≥ 0
♣❛r❛ t♦❞♦ x ∈ Sˆ✳ ❈✉❛♥❞♦ Sˆ = X ❡❧ t❡♦r❡♠❛ ❞❡ ❧♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ q✉❡❞❛
r❡s✉♠✐❞♦ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦✳
✽✽
❈♦r♦❧❛r✐♦ ✺✳✼✳ ❙✉♣♦♥❣❛♠♦s ✈á❧✐❞❛s ❧❛s ❤✐♣ót❡s✐s ✭❍✳●✮✳ ❙✐ Sˆ = X✱ x¯ = argmı´n
x∈S
f(x) ② s❡
s❛t✐s❢❛❝❡♥✿
✭✐✮ f ② g s♦♥ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡s✳
✭✐✐✮ h ❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ x¯✳
✭✐✐✐✮ h′(·) ❡s ❝♦♥t✐♥✉❛ ❡♥ X ② h′(x¯)X ❡s ✉♥ ❝♦♥❥✉♥t♦ ❝❡rr❛❞♦✳
❊♥t♦♥❝❡s✱ ❡①✐st❡♥ µ ≥ 0✱ l1 ∈ C⋆✱ l2 ∈ Z⋆ ❝♦♥ (µ, l1, l2) 6= (0, 0Y ⋆ , 0Z⋆) t❛❧❡s q✉❡
µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯) = 0X⋆ y l1(g(x¯)) = 0
❆❞❡♠ás✱ s✐ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ r❡❣✉❧❛r✐❞❛❞ ❞❡ ❑✉r❝②✉③✲❘♦❜✐♥s♦♥✲❩♦✇❡ s♦♥ s❛t✐s❢❡❝❤❛s✱ ❡♥t♦♥❝❡s
µ > 0✳
❉❡♠♦str❛❝✐ó♥✳
P♦r ❡❧ ❚❡♦r❡♠❛ ✺✳✻✱ t♦♠❛♥❞♦ Sˆ = X t❡♥❡♠♦s q✉❡ ❡①✐st❡♥ µ ≥ 0✱ l1 ∈ C⋆✱ l2 ∈ Z⋆ ❝♦♥
(µ, l1, l2) 6= (0, 0Y ⋆ , 0Z⋆) t❛❧❡s q✉❡
(
µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯)
)
(x− x¯)) ≥ 0 ✭✺✳✶✻✮
♣❛r❛ t♦❞♦ x ∈ X✳ ❈♦♠♦ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s s♦♥ ❧✐♥❡❛❧❡s ② x¯ ∈ X✱ t♦♠❛♥❞♦ ❡❧ ✈❡❝t♦r 2x¯ − x
✭x ∈ X)✱ ♦❜t❡♥❡♠♦s ❞❡ ✭✺✳✶✻✮
(
µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯)
)
(x− x¯)) ≤ 0 ✭✺✳✶✼✮
♣❛r❛ t♦❞♦ x ∈ X✳ ❉❡ ✭✺✳✶✻✮ ② ✭✺✳✶✼✮ ❝♦♥s❡❣✉✐♠♦s
(
µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯)
)
(x− x¯) = 0
♣❛r❛ ❝❛❞❛ x ∈ X✳ P♦r ❧♦ t❛♥t♦ µf ′(x¯) + l1 ◦ g′(x¯) + l2 ◦ h′(x¯) = 0X⋆ ✳ ❙✐ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡
r❡❣✉❧❛r✐❞❛❞ s♦♥ s❛t✐s❢❡❝❤❛s✱ t❡♥❡♠♦s q✉❡ µ > 0✱ ♠♦str❛♥❞♦ ❡❧ r❡s✉❧t❛❞♦✳

✽✾
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